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Abstract 

Drilling machines play a crucial role in the mineral extraction process and are economically important. 

However, as the machines age, their efficiency and effectiveness decrease, negatively affecting 

productivity and profitability and increasing total cost. Hence, the economic replacement lifetime of the 

machine is a key performance indicator. The purpose of this article is to develop a practical economic 

replacement decision model to show the economic lifetime of a mining drilling machine. An 

optimization model could be used to develop for operating costs, maintenance costs, purchase price, 

machine resale value. The present value of the costs was also considered. The proposed model could be 

used for other underground mining machines. 

Keywords: Drilling machines; asset management; economic replacement time; optimization model; 

replacement time. 

1. INTRODUCTION 

Mines are a key source of energy resources and minerals. Therefore mines play a key role in 

theeconomic growth of industrialized countries. Several machines are essential in the mineral extraction 

process; one example is the drilling machine. Economic globalization increases competition among 

mining companies, pushing them to meet higher production rates by increasing automation and 

mechanization and using the new and more productive equipment. This forces several companies to use 

more reliable capital equipment with higher performance ability; and naturally, these machines are 

valuable. The equipment used in underground mining industries is subject to degradation during its 

operating lifetime. The main aim of replacement is to direct the organization towards profit 

maximization or cost minimization. The main purpose of the replacement problem is deciding the 

replacement policy whichdetermines the ideal replacement age of equipment, instead of using with 

higher maintenance costs for a long time. When should a company replace the existing equipment to 

decrease cost? At long-term profitability, the maintenance can play a key role for a firm, where it can 

have a major impact on cost (Baglee and Knowles, 2010). Up to 40% of the total production cost of the 
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heavy industries represents by maintenance cost (Lee and Wang, 1999).The best replacement age of 

equipment isdescribed as that time at which the totalcost is at its minimum value (Jardine and Tsang, 

2006). In this paper, the economiclifetime of the drilling machine is defined as the best age which 

minimizes the total adjusted cost value. The term ‘total adjusted cost value’ is defined as the sum ofthe 

machine purchase price, operating cost, maintenance cost, and machine’s resalevalue. The machine’s 

resale value is the value of the machine in case the company wants to sell the machine at any time 

during the machine’s planned lifetime. A discount rate is usedto take into consideration the time value 

of money. To compare costs incurred at different times we must shift expenditure to a reference point 

in time. Thus, in this article, we are interested in estimating the equivalent present value of earlier or 

future costs. 

2. LITERATURE SURVEY 

Researchers concerned with cost optimization are especially interested in the optimum replacement 

time of production equipment. Recently, a number of researchershave studied the economic lifetime of 

the capital equipment. Some consider the optimal lifetimeof capital equipment using economic theories 

and vintage capital models, represented mathematically by nonlinear Volterra integral equations with 

unknown limits of integration (Boucekkine et al. 1997; Cooley et al. 1997; Hritonenko 2005; Hritonenko 

and Yatsenko2003; Yatsenko 2005). Others use the theory of dynamic programming considering 

technological changes under finite and infinite horizons (Bellman 1955; Bethuyne 1998; Elton and 

Gruber 1976; Hartman 2005; Hritonenko and Yatsenko 2008; Mardin and Arai 2012).Hritonenko and 

Yatsenko (2007) study optimal equipment replacement without paradoxes. Using an integral model to 

calculatethe economic lifetime of equipment and considering technological changes (TC), they show that 

the economic lifetime of equipment is shorter when the embodied TC is more intense. Hartman and 

Murphy (2006) offered a dynamic programming approach to the finite-horizon equipment replacement 

problem with stationary cost. Their model studies the relationship between the infinite-horizon solution 

(continuous replacement of equipment at the end of its economic lifetime) and the finite-horizon 

solution. Hritonenko and Yatsenko (2009) constructed a computational algorithm to solve a nonlinear 

integral equation. The solution is important for finding the optimal policy of equipment replacement 

under technological advances Kärri (2007) studied the optimal replacement time (ORT) of an old 

machine. He used an optimization model which minimizes the machine cost; the model has been built 

for capacity expansion and replacement situation. The costs of old machine were modeled with simple 

linear functions and all costs that he used in his study are real costs without inflation. He also used 

another optimization model which maximizes profit scarf and Bouamra (1999) addressed the capital 

replacement problem using a discounted cost criterion over a finite time horizon. They presented a 

robust approach to solving the fleet replacement problem in which the fleet size is allowed to varyat 

replacement.Other researchers such as (Galar et al., 2012) used different cost models to define the 

efficiency of the operation of an industrial installation in a finite time horizon. They develop a 

methodology for the calculation of operation costs in industrial facilities. Despite the available 

information, it can be difficult for users to implement complex models to calculate the optimal 
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replacement time of equipment. Moreover, these models sometimes require specific types of data that, 

as in our case study, are not available. These can include data on production output, technological 

labor/output coefficient, revenue, profit, etc. Thus, the aim of this study is to identify the replacement 

age of a mining drilling machine from an economic point of view, using available data from a mining 

company. 

3. DRILLING MACHINE 

The drilling machine is one of the most important machine tools. The drilling machines usually used 

in mines are manufactured by distinct companiesand have different technical feature; for instance, 

capacity and power. An illustration of a drilling machine and its parts is represented in Figure 1. The 

drilling machine is divided into numerous subsystems connected in the series configuration. If any 

subsystem fails, the operator will stop the machine to fix it. Therefore, all machine subsystems work at 

the same instant to attainthe desired function. 

 
 

Figure 1: Drilling machine 

4. DATA COLLECTION 

The data in this study were collected over 10 years in the yemee tooling. The cost data contain 

corrective maintenance cost and preventive maintenance cost. They contain spare part cost and labor 

cost.  

5. METHODOLOGY 

We assume the following: 

• The capital cost is given by the mining company involved in this case study. 

•Cost of acquisition of the machine stays constant at each replacement. 

• There is no installation cost for the machine. 

• The optimization model is used for a finite time horizon. 

• Due to lead time Production losses during machine replacement are not considered. 
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• The machine will be used as a dispensable machine after it reaches to its salvage value. 

6. MODEL DEVELOPMENT 

For each operating month we calculate maintenance costs (corrective and preventive) as follows: 

 

The preventive maintenance policy is a system of planned and scheduled maintenance with the aim of 

minimizing or preventing breakdowns. 

Corrective maintenance can be defined as the practice carried out to restore the full performance of the 

equipment that has stopped working to acceptable standards. 

 

MC = CMC + PMC                   (1) 

CMC = SPC + LC                     (2) 

PMC = SPC + LC                     (3) 

 

Since drilling is not a constant process in the collaborating mine, operating cost (energy cost and steel 

rod cost) is calculated for each month based on the utilization of the drilling machine. The company 

planned to utilize the machine for 10 years. Therefore, extrapolation of the operating and maintenance 

cost data was done. Figures 2 and 3 represents the maintenance and operating costs. 

 
Figure 2: Expected Maintenance Cost 

 
Figure 3: Expected Operating Cost 
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In Figures 2 and 3, the dots represent the historical data for maintenance and operating costs. 

Curve fitting was done using curve graph maker to show the behavior of these costs before and after the 

time when data were collected. The number of failures increases with time and/or the machine 

consumes more energy due to machine deterioration. Equivalently we can mention that the drilling 

machine in this case study has no multilevel preventive maintenance program. In addition, at the start 

of utilization, it was new. This is the important reason why the maintenancecost is somewhat low in 

prior months.  

 

A declining balance depreciation model was used in order to calculate resale value of the 

machine after each month of operation.The resale value of the machine was estimated from the 

following formula (Luderer et al., 2010; Eschenbach, 2010): 

 

S (t) =BV1*(1-Dr)
 t               (4) 

 

Where (t) represents time (month), t = 1, 2, 3… 120 

The depreciation rate for full depreciation by the end of the planned lifetime of the machine was given 

by the following formula (Luderer et al., 2010): 

Dr = 
L

BV

SV
1

1

1 









 (5)

 

 

Where (L) represents the planned lifetime of the machine (in this case 120 months). The 

machine’s resale value was modeled by the following formula: 

 

S (t) = (pp-a)*(1-Dr)t      (6) 

 

Where a represents the percentage multiplied by the machine purchase price to represent the 

machine value at the first day of use. The machine’s total lost value will be 10% on the first day of use 

which was the assumptions we made. Hence, the machine resale value at the end of the first day of 

operation is (pp-a) = 0.9 × pp. 

 

Declining balance method of depreciation is a technique of depreciation in which the amount of 

depreciation that is changed to an asset declines over time.In other words, more depreciation is charged 

during the beginning of the lifetime and less is charged at the end. Why is more depreciation changed in 

beginning years? The reason is that the equipment is usually more productive when they are new and 

their productivity declines gradually. Thus in the early years of their lifetime, equipment generate more 
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revenue as compared to the revenue generated in later years of their life. According to matching 

principle of accounting, we should depreciate more of the equipment cost in early years to match the 

depreciation expense with the revenue earned from the use of the equipment. The scrap value is an 

expected of the value of the equipment at the time end of its useful life. In this particular case study, 30 

cu are assumed to be the scrap value ofthe machine at end of its planned lifetime. Figure 4 shows the 

drilling machine’s resale value using the declining balance depreciation model. 

 

 
Figure 4: Expected Resale Value 

 

Figure 4 shows that the machine’s resale value decreased with time until it reached salvage 

value at the end of its planned lifetime. The succeeding step is to calculate the total adjusted cost base 

TACkduring a period k of operation using the following formula: 

 

TACk=pp+   )(
1

rTSHVOCMC
rT

k

kk 











 

 

Where k = 1, 2, 3… n. n represents the number of operation months. 

 

The objective is to determine the optimal replacement time that minimizes the total adjusted 

cost base over the machine’s planned horizon.The number of replacements during the optimization time 

horizon is determined by the following formula: 

 

M=
rT

T

ttimereplacemen

etimeplannedlif
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Figure 5 represents the expected total adjusted cost base of the machine over the machine’s 

planned lifetime. 

 

 
Figure 5: Expected Total Adjusted Cost Base 

 

Figure 5 shows that the total adjusted cost base increased with time for two causes: 

1)  Maintenance and Operating cost increased over time. 

2)  The machine’s resale value decreased over time. 

The optimal replacement time is the value of rT that minimizes the total adjusted cost base value 

given by, 

 

Min (TACvaluerT) =Min   MrTSHVOCMCpp
rT

k

kik 




























 



)(
1

 

7. RESULT 

Microsoft Excel™ software was used to enable variation of the rTfor a period of 260 months, to identify 

the optimum replacement lifetime of a drilling machine that minimizes TAC value rT.Figure 6 shows TAC 

value rTversus different replacement time rT. As is evident, the lowest possible TAC value rTcan be 

achieved by replacing the machine every 96 months (8 years). Although, RT= 84 months generates the 

absolute minimum cost. A decision to replace the machine before or after this economic replacement 

range incurs a greater cost for the user company. 
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Figure 6: Expected Total Adjusted Cost Value 

8. CONCLUSION 

Finally, we derive the conclusion as follows: 

1) After obtaining the result from the optimization curve, the economic lifetime of the drilling 

machine is 7 years i.e., 84 months. However, the economic lifetime has a range of 75 to 90 months, 

during which the total adjusted cost base value remains almost constant which means that the company 

has the ability to make replacements within the optimum replacement age. Therefore, there is no fixed 

date or age at which the TAC value is minimum. In general, a range of months provides the minimum 

TAC value.  

 

2) This model helps engineers and decision-makers decide when it is best economically to replace an 

old machine with a new one. Thus, it can be extended to more general applications in the mining 

industry. 
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Abstract 

 In this paper we have discussed how the mathematical modeling is used in the PV array system which is 

connected to the buck- boost converter and the control systems is based on the maximum power point 

tracking (MPPT) with P&O algorithm. It also helps PV array to generate the maximum power to the grid 

with change of weather conditions. By considering the effect of temperature of cell and solar radiation, 

the output current, voltage and power characteristics of PV model are optimized using the derived 

model. At last, a case study on photovoltaic system to find the total power of the PV system and also 

highest energy consumption. 

Keywords: PV array, buck-boost converter; Pulse Width Modulation inverter; maximum power point 

tracking system; daily solar radiation. 

1.INTRODUCTION 

Now a day’s people are more concerned about the applications of the renewable energy such as 

wind, biomass, ocean and solar radiation (photovoltaic) because of rising of oil prices, fossil fuel deficit, 

global warming and negative impact of the environment. Among these the energy through photovoltaic 

(PV) can be most effective because it is most essential. Photovoltaic means producing the electricity 

directly from sunlight without creating any air or water pollution. Due to the population increase, the 

electricity demand also increases. In 21st century, our need is more than our production of electricity. 

Solar energy can be grid connected generating unit or can be standalone generating unit depending on 

the availability of grid nearby. But there are two major problems with PV system. One is the low 

conversion efficiency of solar energy into electrical energy and the other is the non-linear characteristics 

of PV system which makes the electrical power generation varying with temperature and solar radiation.  

2.MODELING OF PHOTOVOLTAIC ARRAY 

A photovoltaic system is composed of many strings of solar cells which are connected in series or 

parallel in order to get the desired output of voltage and current.  
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Fig 1: Circuit diagram for Photovoltaic cell 

Applying Kirchoff’s law of current, the terminal current of the solar cell is given by 

shDph IIII        (1) 

The light current is related to irradiance and temperature. The light current measured at some reference 

conditions, we have 
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By Shockley equations, the diode current is given by 

















 
 1

(
exp0

KT

IRVq
II s

D


               (3)       

Now, the reverse saturation current is given by, 
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Taking equation (4) at different temperature we get, 
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Now, the current in shunt resistance is given by, 
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substituting (2), (3), (4), (6) in (1) 
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3.GRID CONNECTED PV SYSTEM 

 PV grid-connected system consists of PV modules, a central inverter and a public grid. The 

primary component of grid connected PV system is Power Conditioning Unit(PCU). The PCU converts the 

DC power produced by the PV array into AC power as per the voltage and power quality requirement of 

the public grid. The main components of PCU are inverter and converter. Grid connected PV system with 

very high power applications so, it is tough to store this much of power in Battery.  

Fig 2: Block diagram of Grid connected PV system 

4.NOTATION 

phI - Photocurrent, sI - diode saturation current, q - electron charge, K - Boltzmann’s constant, 

T - cell temperature, A - PN junction ideality, S - real solar radiation (W/  ), 
TC -temperature 

coefficient.(A/K), refsI , -diode saturation current,  gE - band gap of the cell semi-conductor (eV), sN -  

Cell numbers of the series cells, pN - cell numbers of the parallel cells, refS - The solar radiation in STC, 

refT = cell absolute in STC.  

5.BUCK CONVERTER 

 This is the type DC/AC converter. When the switch is “ON”, the input voltage is applied to the 

load and when the switch is “OFF”, the voltage across the load is zero. The average output voltage can 

be found from the unfiltered voltage by, 

            dttv
T

V

T

o

s

o )(
1

0

  )0**(
1

offson

s

tVt
T

   

              s

s

on

o V
T

t
V         (8)    
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Now, we define a new term the duty cycle as 

  
s

on

T

t
D              (9) 

Therefore equation (8) becomes, 

so DVV             (10) 

  

Fig.3: A Buck converter 

6.BOOST CONVERTER 

 This converter boosts the output DC voltage to the value higher than the input DC voltage. 

Applying the inductor volt-second balance, we get, 

0*)(*  offosons tVVtV       (11) 

Now, solving equation (11), we get, 

       
DV

V

s

o




1

1
                   (12) 

This is valid in the continuous conduction mode, where the output current never goes to zero. 

The principle used in that energy which is stored in the inductor during switch on operation is later 

released higher voltage  . In this way, the energy is transformed from lower voltage to higher voltage. 

 

Fig.4: A Boost converter 
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The parameter involved in this is, 

  
f

RDD
L

2

)1( 
             (13) 

fR

D
C

2
            (14) 

Where oV = output voltage, sV = input voltage, D = duty cycle, f = switching frequency. 

7.BUCK-BOOST CONVERTER 

 A buck-boost converter can be obtained by connection of two basic converters. 

 Step-down converter. 

 Step-up converter. 

It is a converter that has an either output voltage which is either greater than or less than 

the input voltage. Two different converters are combined together to form a Buck-boost converter. 

 
Fig.5: A Buck-Boost converter 

 Since, the switching frequency is considered to be very high, we assume that the current 

through the inductor (L) rises linearly. 

Let us consider sin VV   & 0VVout   

Hence, the relation of voltage and current is 

  
on

s
t

I
LV


                 (15) 

  
off

o
t

I
LV


              (16) 

Combining (15) & (16), we get, 

L

tV
I ons              (17) 
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  (16) Divided by (15), we get, 
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8.PWM INVERTER 

 Pulse width modulation (PWM) is the process of modifying the width of the pulse in a pulse train 

in direct proportion to a small control signal. This method uses solid state switches to apply the pulse of 

current at a reasonably high frequency but with varying duty cycle (D), such that the battery receives the 

constant voltage from the array. This type of controller, shown in a series configuration in Fig.6 can also 

be configured in the shunt topology. Although similar to the series linear and shunt linear controller in 

function, Power Dissipation is reduced with PWM topology compared to series linear control.  

 
Fig.6: Block diagram of PWM inverter 

9.MAXIMUM POWER POINT TRACKING (MPPT) SYSTEM 

 A maximum power point tracking is used to extract the maximum power from the PV cell and 

transfer it to the load. Since the output power of the PV module is related to solar radiation, 

temperature and load, the output characteristic is non-linear with respect to output voltage is necessary 

for the PV system to work at the maximum power point under changing external environment to 

achieve best performance. Furthermore, this point depends on the solar radiation and temperature of 

the panels and both conditions change during the day and are different depending on the season of the 

year. 
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 MPPT algorithm is necessary in PV applications because the maximum power point of the PV 

array varies with the solar radiation. So the use of MPPT algorithm is required, in order to obtain the 

maximum power from the PV array. Some of the most popular MPPT techniques are: 

1. Perturb and Observe method 

2. Incremental Conductance method. 

3. Fractional short circuit current. 

4. Fractional open circuit voltage. 

5. Fuzzy logic. 

6. DC-link capacitor droop control. 

7. Ripple Correlation Control. 

8. Current Sweep. 

9. Neural networks. 

10. Load current or load voltage maximization. 

In this study, we chose the Perturb and Observe (P&O) method for its simplicity, relative  

accuracy and rapid response. The P&O method involves a perturbation in the operating voltage of the 

DC link between the PV array and the power converter. If there is an increment in the power, the 

perturbation should be kept in the same direction and if the power decreases, then the next 

perturbation should be in the opposite direction. Using these observations, the algorithm is 

implemented. The process is repeated until the MPP is reached. 

10.I-V & P-V CHARACTERSTIC CURVE 

PARAMETER VALUES 

Referenced of solar radiation , refS , (W/m2) 1000 

Referenced of cell temperature, refT ,(K) 298 

Cell numbers of a PV module 54 

Band-gap energy gE  ,(eV) 1.237 

Cell internal resistance, sR ( ) .2237 

Shunt resistance, )(shR  540.55 

p-n junction ideality factor, A .065% 

sc  3.18x     

Current maximum power point, I (A) 7.61 

Voltage maximum power point, V, 26.3 
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Fig.8: Characteristic curves of the PV array with different cell temperatures and  

Solar radiation as constant 1000 W/m2 

11.DAILY RADIATION IN kWh/m2/day 

 The monthly average values of solar radiation in Chennai at longitude 80.23 and latitude 

13.05 in the year 2016 is given below: 

MONTH SOLAR RADIATION  

January 5.76 

February 6.60 

March 6.05 

April 5.91 

May 5.78 

June 4.85 

July 4.39 

August 4.22 

September 4.86 

October 3.68 

November 4.12 

December 4.92 

The amount of useful sunshine available for the panels on an average day during the worst 

month of the year is called the “insulation value". The worst month is used for analysis to ensure the 

system will operate year-round. The insulation value also can be interpreted as the kilowatt-hours per 

day of sunlight energy that fall on each square meter of solar panels at latitude tilt. 

 From the above table, It is clear from the table that solar energy incident on the region is very 

high especially during summer months with average daily radiation during April of 5.91 KWh/m2/day.  

12.PV SYSTEM SIZING 

APPLIANCE NO. OF 

ITEMS 

WATT/ 

ITEM 

TOTAL 

WATT 

Ceiling Fan 11 100 1100 

Computer 21 200 4200 

Lights 14 40 560 
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Air condition 4 2285 9140 

  TOTAL 15000 

    

The standard area of computer lab about 100m2.The electrical loads of an average apartment 

consists of 4 air-condition, 14 lamps, 11 fans, and 21 computer. The total load demand of the apartment 

is about 15 kW as shown in above table. 

The below table provides the calculation of power and energy of the computer lab in XYZ school. 

The daily load profiles are determined by calculating the power demand (kW/day) for all types of loads 

during the four seasons. It is shown that the highest power consumption is 89.46kW/day. Here loads 

seem very close in the winter and spring. The average annual load energy is 44kW/day. 

 

 

LOAD TYPE 

 

NO 

OF 

UNI

T 

 

RATE 

POWER 

AUTUMN WINTER SPRING SUMMER 

Hour 

used 

Kwh/

day 

Hour 

used 

Kwh/ 

day 

Hour 

used 

Kwh/ 

day 

Hour 

used 

Kwh/ 

Day 

Ceiling Fan 11 1100 3 3.3 1 1.10 2 2.20 5 5.5 

Computer 21 4200 4 16.8 3.5 14.70 3 12.60 6 25.2 

Lights 14 560 5 2.8 4 2.24 3.5 1.96 7 3.92 

Air 

conditions 

4 9140 3 27.42 - - - - 6 54.84 

    50.32  18.04  16.76  89.46 

 

13.PV ARRAY SIZE AND COST 

For system used for non-continuous use (such as schools, governmental offices, etc.,) multiply 

the result by the days per week. Generally grid-connected systems are designed to provide from 10% to 

60% of the energy needs with the difference being supplied by the utility power. Now, let us take the 

ratio of 60% of the needed energy to be covered by the PV’s.  

So, the total power of the PV system is 15kW *60% = 9 kW. 

         Many PV modules can be purchased at retail for about Rs.100 per watt for most medium system in 

the 9000watt range. Of course, there are opportunities to purchase modules for a lower price, especially 

when your system is larger and you can buy in bulk. An inverter will be needed for systems that output 

AC power. For stand-alone systems the inverter should be sized to provide 125% of the maximum loads 

you wish to run simultaneously at any one moment. Inverters are designed for residences and other 

small systems. These inverters can be purchased at retail for about Rs.40 per rated watt. 

 

14.FUTURE WORK 
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 The grid-connected photovoltaic system can be connected to battery and then we can use the 

incremental conductance method of MPPT technique to find the highest power generated by the PV 

system. A case study to find the value of current generated for a particular voltage. 

15.CONCLUSION 

This paper presents a technique to design and control of grid-connected PV generation system, 

identify its components, and describe how it works. In order to convert the solar energy efficiently, the 

MPPT algorithm for photovoltaic systems based on P&O algorithm has been presented. It should be 

tracked to ensure the PV array to generate most power to utility grid. When solar irradiance or 

temperature fluctuates, PV generation will change as a result. The Inverter is controlled in order to feed 

active power to the grid. The output of PV Solar arrays is depends on the Level of Solar radiation. In 

higher solar radiation level, the output of PV Array is Maximum. A case study on photovoltaic system to 

find the total power of the PV system and also highest energy consumption. 

 

REFERENCES 

[1] ShibaArora, Pankaj Sharma (2014), “Modeling & simulation of photovoltaic system to optimize 

the power output using Buck-Boost converter”, ITEE Journal, vol 3, issue 3, pp: 23 – 28. 

[2] Vipul C. Rajyaguru (2016), “Design and simulation of grid connected PV system”, IJETMAS, issue 

8, vol 4,pp :192 – 198. 

[3] Makhlouf.M, Messai.F, Benalla.H (2012), “Modeling & simulation of grid- connected 

photovoltaic distributed generation system”, JTAIT, vol 45, issue 2, pp :378-386. 

[4] AissaChouder, Santiago Silvestre, NawelSadaoui (2012), “Modeling & simulation of grid 

connected PV system based on the evaluation of main PV module parameters”, Simulation 

Modeling Practice and theory, vol 20,pp :46-58. 

[5] Jay Patel, Vishal Sheth, Gaurang Sharma (2013), “Design & simulation of photovoltaic system 

using incremental MPPT algorithm”, IJAREEIE journal, vol 2, issue 5. 

[6] Zameer Ahmad, Singh.S.N (2013), “Modeling and control of grid connected photovoltaic 

system-A review”, IJETAE journal, vol 3, issue 3, pp :40-49. 

[7] Arulkumar.K, Palanisamy.K, Vijayakumar.D (2016), “Recent advances and control Technique in 

Grid Connected PV system- a review”, IJRER journal, vol 6, issue 3, pp :1039-1049.  

[8] Ashna Mohan, Dinto Mathew, VidhyaM.Nair (2013), “Modeling and control of PWM inverter 

for photovoltaic Applications”, IJEIT journal, vol 3,  issue 3,  pp : 105-111. 

[9] Smitanjali Rout (2015), “Mathematical modeling of grid connected photovoltaic system using 

MATLAB/SIMULINK and hardware implementation”, IJCA journal, vol 4, issue 3, pp :6-11. 

[10] Ahmed G. Abo-Khalil, Hammad Abo-Zied (2012), “Modeling and simulation of a grid-connected 

photovoltaic system for an middle-class apartment in new Assiut city”, Journal of Engineering 

Sciences, Assiut University, Vol. 40, No 6, pp : 1747-1757. 

 



                                   
 

   
                                                                                                                                                                                       21 

Department of Mathematics 

Dr.M.G.R Educational and Research Institute, Chennai, India 

Dr.M.G.R PLANETM Online Journal of Mathematical Sciences, Special Issue 
                                    www.mgrplanetmjournal.wordpress.com 

VEHICULAR TRAFFIC AT SIGNALIZED INTERSECTION USING QUEUING THEORY IN 
MADURAVOYAL REGION, CHENNAI. 

 
A.Pushpa Priya,      Bhuvaneswari Swaminathan, 

B. Samuel Don Tilton,                  Associate Professor, 

M.Phil. Scholars,     Department of Mathematics, 

Dr.MGR Educational & Research    Dr.MGR Educational & Research  

Institute University,     Institute University, 

Chennai – 600095.     Chennai – 600095. 

abiuamulya@gmail.com    bhuvanaswami1969@gmail.com  

donsam103@gmail.com  

Abstract 

Road Traffic gridlock to remain a major problem in most cities around the world, principally in 

Developing Regions, resulting in massive delays increased fuel wastage and monetary losses. This paper 

pursue to model the vehicular traffic flow and prospect how vehicular Traffic could be minimized using 

queuing theory in order to reduce the delays on roads in the Maduravoyal of Chennai. The traffic 

intersection in that Region is currently operating with one service channel each from the various routes 

to the Intersection. The result manifested that traffic intensity, ρ<1 for all stretches, a condition that 

suggests a perfect traffic system. The context of traffic control a lane is part of a express way, that is 

delegated for use by a single line of vehicles, to control and guide drivers and diminish traffic conflicts. 

The data observed that, find the current operational effectiveness of the Traffic signal through 

parameters like Arrival rate, Service rate and number of vehicles. Finally the Government of Tamil Nadu 

could introduce a public Transport system so that people do not travel with private vehicles to their 

places of work to reduce the blockage on roads, which in boosts productivity.    

Keywords: Queuing Theory; Traffic gridlock; Traffic signal and communication. 

1. INTRODUCTION 

Operations research is essentially a collection of mathematical techniques and a tool which in 

conjunction with a system’s approach, are applied to solve practical decision problems of an economic 

or engineering nature. Waiting for service is a part of our daily life and the waiting phenomenon is not 

an experience limited to human beings only: Jobs wait to be processed on a machine, cars stop at traffic 

lights. The principal actors in a queuing situation are the customer and the server. Accordingly that 

situation Traffic light is the server and the vehicles are the customers. Traffic Snarl-up is a condition on 

transport networks that occurs as use increases and is characterized by slower speeds, longer trip times 

and increased vehicular queuing. Traffic bottleneck can also happen due to parking in the ways, in spite 

of that the road capacity is affected. The waiting time in the service lanes, due to such a logjam becomes 

increase and excruciating for the straphanger on the route. 
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Maduravoyal be facing with problem of vehicular traffic gridlock which is fetching more 

significant day after day. The number of vehicles in India is quickly increasing as a growing middle class 

can now afford to buy cars. As a result India has launched various Rapid transit efforts. India’s road 

conditions are not expanding/improving in proportion with the increase in Vehicle Numbers. 

Correspondingly this article to be in pursuit of build a basic model of vehicular traffic based on queuing 

theory. Accordingly this will decide the best times for the red, amber and green lights to be either on or 

off on order to decrease the traffic gridlock at the Maduravoyal region of Chennai.          

2. LITERATURE REVIEW 

A mathematical study of investigating  the grid lock and delays of waiting in line. Real life 

Applications of Queuing Theory include providing faster customer service, Improving Traffic flow, 

designing telecommunications system such as call centers.(sundarapandian,2009)In accordance with to 

Intikhab et (2008)An increase of  personal vehicles in dense cities can cause serious transport related 

externalities like growing overcrowding air and noise pollution depletion of non-renewable resources, 

traffic accidents as well as social inequity. At the peculiar level Wane(2001,p.1) also points out that “The 

role of transportation in human life is significant” Transportation planning and policies play an important 

role in providing sustainable and equitable urban transportation system. Accordingly to review the role 

of motor vehicles in the world wide air pollution problems, and controlling emissions from that sources 

to assess the prospects for the future.(Walsh,1990)Traffic snarl-up, when vehicles are fully stopped for 

period of time. It can lead to drivers becoming frustrated and engaging in road range. As Taylor et al. 

(2000) attested traffic block present a common facet of traffic affair in a region typically in urban areas. 

Quddus et al.(2010)The relationship between traffic jam and road safety ,principally crash severity may 

not straightforward as these are affecting the severity of a crash ,Namely traffic characteristics, vehicle 

condition.Qingyu et al.(2007)According that Qualitative analyses of the external costs that the Urban 

traffic congestion  brings  are the basis of congestion pricing and other travel demand management 

strategies. While our concluded that by no means optimal, an advantage of decongestion protocol is 

easily deployable in critical congestion areas to enhance the operational capacity during a congestion 

collapse.(Vipin et al.,2012) Jayaram&Lincoln(2007) We conclude two polar cases. In the first case, the 

estimation of this number is trivial. Including the quantification of the relative impact of logjam on 

distribution costs and the deduction of experimental testable hypothesis. 

Luke Richard (2006) concentrateswith the economic costs forced by road traffic crashes (RTCs) 

in Australia, in distinct their distribution across the eight Australian states and territories. This paper 

demonstrated that the casualty distributions and costs vary quite outstandingly between the Australian 

jurisdictions. Traffic jam in many cities around the world is severe .one possible solution to this problem 

is to impose heavy taxes on car drivers and use this money to make public transport better. 

InXingCao(2013) the road capacity is badly affected by parking in the ways around schools. In current 

years, with the increase of private cars, more and more parents are choosing driving commercial cars to 

transport children to and from school, particularly for primary school students. Queuing is the study of 
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traffic behavior near a certain section where demand exceeds available capacity and the traffic snarl-up 

follows a repeatable pattern during the day and locals accept it as a daily routine. 

3. REAL LIFE CAUSES OF QUEUE GENERATION FOR ROADS 

1. Geometric Bottlenecks (lane drops, hard curves, hills) 

2. Accidents and Incidents 

3. Traffic signals & Intersection controls 

4. At Grade crossing with other models (Rail road crossings, drawbridge) 

5. Toll Booths 

6. Ramp meters 

7. “Gawker” effect 

8. Inclement weather 

3.1. NEGATIVE CRUSHES OF TRAFFIC GRIDLOCK 

Traffic Snarl-up has a number of negative effects 

i. Wasting time of motorists & passengers (“opportunity cost”) as a non-productive active for 

most people. Congest reduces regional economic health. 

ii. Delays which may result in late arrival for employment, meetings & education resulting in lost 

business, disciplinary action (or) other personal losses. 

iii. Wasted fuel increasing airpollution and carbon dioxide emissions owing to increased idling, 

acceleration & breaking. 

iv. Spillover effect from congested main arteries to secondary roads and side streets as alternatives 

routes are attempted, which may affect neighbourhood amenity and real estate prices. 

v. Higher Chance of collision due to tight spacing &constant stopping and going.  

4. INTERPRETATION OF THE MODEL (M/M/1):(∞/FIFO) 

 This is the simplest queuing system to analyze. Here the arrival and service time are negative 

exponentially distributed (Poisson Process). The system consists of only one server. The queuing system 

can be applied to a wide variety of problems. As any system with a very large number of independent 

customers can be approximated. As a Poisson Process, using a Poisson process for service time, still is 

not applicable in many applications and is only a crude approximation. 

4.1. SPECIALIZATIONS OF QUEUING SYSTEM 

This model is based on certain hypothesis about the queuing system. 

1. Arrivals are described by Poisson Probability distribution and come from an infinite calling 

population.  

2. Single waiting line and each arrival waits to be served regardless of the length of the queue and 

that there is no Balking or Reneging. 

3. Queue discipline is “First Come, First Served” 



                                   
 

   
                                                                                                                                                                                       24 

Department of Mathematics 

Dr.M.G.R Educational and Research Institute, Chennai, India 

Dr.M.G.R PLANETM Online Journal of Mathematical Sciences, Special Issue 
                                    www.mgrplanetmjournal.wordpress.com 

Single server or channel and service time follow exponential distribution. 

4. Customers arrivals is independent but the arrival rate does not change over time. 

5. The average service rate is more than the average arrival rate. 

6. All customers are independent. 

According to the foremost hypothesis it is observed that vehicle entering a channel could follow that 

a) Total number car drivers or motorist on the highway is very large. 

b) A single car uses a very small percentage of the highway resources. 

c) The decision to enter the highway is independently made by each car driver. 

 

 
Speed(m/s) 

Spacing(m) 
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The headway and speed scatter plot  

Figure: 1 Speed and Spacing distribution relationship 

Table-1: Tabular Representation of the view of the Traffic Situation at the Maduravoyal 
intersection. 

 
 

5. ACCUMULATION OF DATA: 

Traffic gridlock occurs in time and space. That is it is a spatiotemporal process. Therefore 

another classification schema of traffic congestion is associated, with some common 

spatiotemporal features of traffic blockage founding measured traffic data. Common features 

of traffic rush hour are independent on weather, road condition and road infrastructure, 

vehicular technology, driver characteristics, day time etc. This paper uses data chronicled within 

the working session of Morning, Afternoon, and Evening, where roads are normally block aged 

at the Maduravoyal region of Chennai. 

5.1. Table-2: 

The Situation of Traffic at CMBT to Maduravoyal-  Two Wheelers 

Session 
Arrival 

Rate 

Service 

Rate 

Traffic 

Intensity 

Mean No. 

of two 

wheelers 

in the 

system 

Mean no. 

of Two 

wheelers 

Waiting in 

Queue 

Mean 

Time 

Spent in 

System 

Mean 

Time 

Spent in 

Queue 

Morning 156 162 0.962963 26 25 0.166667 0.160494 

Afternoon 70 89 0.786517 4 3 0.052632 0.041396 

Evening 145 158 0.917722 11 10 0.076923 0.070594 

The Situation of Traffic at CMBT to Maduravoyal- Cars 

Session 
Arrival 

Rate 

Service 

Rate 

Traffic 

Intensity 

Mean No. 

of Cars in 

the 

system 

Mean no. 

of Cars 

Waiting in 

Queue 

Mean 

Time 

Spent in 

System 

Mean 

Time 

Spent in 

Queue 

Morning 60 66 0.909091 10 9 0.166667 0.151515 

Afternoon 50 57 0.877193 7 6 0.142857 0.125313 

Evening 80 86 0.930233 13 12 0.166667 0.155039 

        



                                   
 

   
                                                                                                                                                                                       26 

Department of Mathematics 

Dr.M.G.R Educational and Research Institute, Chennai, India 

Dr.M.G.R PLANETM Online Journal of Mathematical Sciences, Special Issue 
                                    www.mgrplanetmjournal.wordpress.com 

 

Table 3: 

The Situation of Traffic at Mogappair to Maduravoyal-TWO WHEELERS 

Session 
Arrival 

Rate 

Service 

Rate 

Traffic 

Intensity 

Mean 

No. of 

two 

wheelers 

in the 

system 

Mean 

no. of 

Two 

wheelers 

Waiting 

in Queue 

Mean 

Time 

Spent in 

System 

Mean 

Time 

Spent in 

Queue 

Morning 25 38 0.657895 2 1 0.076923 0.050607 

Afternoon 15 29 0.517241 1 1 0.071429 0.036946 

Evening 18 25 0.72 3 2 0.142857 0.102857 

 

 

 

Table-4: 

The Situation of Traffic at Mogappair to Maduravoyal- Cars 

Session 
Arrival 

Rate 

Service 

Rate 

Traffic 

Intensity 

Mean 

No. of 

Cars in 

the 

system 

Mean 

no. of 

Cars 

Waiting 

in 

Queue 

Mean 

Time 

Spent in 

System 

Mean 

Time 

Spent in 

Queue 

Morning 15 20 0.75 3 2 0.2 0.15 

Afternoon 7 16 0.4375 1 0 0.111111 0.048611 

Evening 25 33 0.757576 3 2 0.125 0.094697 
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Table-5: 

The Situation of Traffic at Adayalampattu to Maduravoyal-TWO WHEELERS 

Session 
Arrival 

Rate 

Service 

Rate 

Traffic 

Intensity 

Mean No. 

of two 

wheelers 

in the 

system 

Mean no. 

of Two 

wheelers 

Waiting in 

Queue 

Mean 

Time 

Spent in 

System 

Mean 

Time 

Spent in 

Queue 

Morning 90 100 0.9 9 8 0.1 0.09 

Afternoon 40 70 0.571429 1 1 0.033333 0.019048 

Evening 80 103 0.776699 3 3 0.043478 0.03377 

 

Table-6: 

The Situation of Traffic at Adayalampattu to Maduravoyal-Cars 

Session 
Arrival 

Rate 

Service 

Rate 

Traffic 

Intensity 

Mean 

No. of 

Cars in 

the 

system 

Mean no. 

of Cars 

Waiting in 

Queue 

Mean 

Time 

Spent in 

System 

Mean 

Time 

Spent in 

Queue 

Morning 60 65 0.923077 12 11 0.2 0.184615 

Afternoon 40 55 0.727273 3 2 0.066667 0.048485 

Evening 85 89 0.955056 21 20 0.25 0.238764 

         

 

5.1.2: Graphical Representation of the Traffic intensity at cars leading to CMBT  to 

Maduravoyal intersection:  
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5.1.2: Graphical Representation of the Traffic intensity at Two-wheelers leading  to CMBT to 

Maduravoyal intersection: 

 
6. PERFORMANCE MEASURES OF M/M/1 QUEUE 

 The memory less property is utilized to define a state of the queuing system. To determine the 

performance measures. 

6.1. TRAFFIC INTENSITY 

 The Average number of customers being served is the ratio of arrival and service rate.  

    i.e.



   

For the service rate µ should always exceed the arrival rate λ and thus  should always be less than 1. 

Consequently it is also known as utilization factor of the server. 

6.2. AVERAGE NUMBER OF CUSTOMER IN THE SYSTEM  

 The average number of customer in the system is equal to the average number of customer in 

the queue together with those being serviced. 

    
)( 




sL  

6.3. AVERAGE NUMBER OF CUSTOMER IN QUEUE 
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 It can be viewed as average queue length that is the average number of customers who are 

waiting in the queue it is defined as 

    
)(

2






qL  

6.4. AVERAGE WAITING TIME IN QUEUE 

 The average waiting time in queue is the average time the customer waits in queue forgetting 

service. It is expressed as  

    
)( 




qW  

 

6.5. AVERAGE TIME SPEND IN THE SYSTEM 

 Average time spend in the system is equal to the total time that a customer’s spends in the 

system that is waiting time plus the service time is given by, 

    
 


1

sW

 

7.DESCRIPTION OF TABLES: 

  While following the data of this tables, it is observed that traffic in channels leading to Madura voyal 

intersection from CMBT and Adayalampattu route during peak hour of Evening and Morning 

respectively, the traffic intensity is approaching 1.Thus queuing presents the above mentioned  traffic 

situation as a imperfect traffic system. Further we will discuss the traffic flow situation at different 

channels in different time. 

7.1 Morning & Evening session: 

Adayalampattu to Maduravoyal 

The arrival rate and service rate were 60 and 65 according to the collected data and hence 

traffic intensity becomes 0.92307which is approaching 1.accordingly ,revealed unsecured and critical 

condition of traffic flow. Thus represented the worst condition of traffic as compared to all other 

channel and in all the three session.   

CMBT to Maduravoyal  

The arrival rate and service rate were 156 and 162 according to the gathered data and hence the 

traffic intensity becomes 0.96296which is approaching 1.Therefore revealed a unstable and critical 

condition of traffic flow. 
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Mogappair to Maduravoyal  

The arrival rate and service rate were 15 and 20 according to the collected data and hence the 

traffic intensity becomes 0.7575as calculated ,which revealed a stable traffic flow situation but not a 

smooth and a good traffic. 

6.2 Afternoon session: 

Adayalampattu to Maduravoyal 

The arrival rate and service rate were 40 and 70 respectively according to the data collected and 

the traffic intensity 0.57142 which revealed a smooth and steady traffic flow. 

 

CMBT to Maduravoyal 

The arrival rate and service rate according to the sampled data were 50 and 57respectively and 

traffic intensity calculated was 0.8771which revealed a stable traffic flow situation but not a smooth 

traffic flow. 

Mogappair to Maduravoyal  

The  arrival rate and service rate were 7 and 16 respectively according to the data accumulated 

and the traffic intensity was 0.4375 which represents a good ,balance and smooth traffic flow situation. 

8. CONCLUSION 

           Queuing theory is the mathematical theory and method of queuing system. Queuing theory had 

been widely used in traffic control. Such as the study of vehicle delay, traffic capacity, configuration light 

time, the designand management of traffic facilities for the park and station. The present work is based 

upon the actual survey of traffic flow at various times and non-identical channel of Maduravoyal region 

of Chennai city. Since the server at each location was able to serve more than the cars & motor vehicles 

in waiting queue when server resume work. The result manifested that during peak hours the mean 

waiting time is around 67 vehicles and 30 vehicles during non-peak hours. If the traffic Signal service 

seconds is increased than the waiting time of customers minimizes at a good pace up to a certain limit 

which was come to an end from Queuing analysis of the system. Introducing public transport such as 

busses and office cabs, sothat avoids the clashes of the road capacity, principally for Educational 

purpose. In spite of that reduces the traffic snarl-up, we can allocate disparate lanes for particular user 

groups. These parameters will assist for passengers, in determine to the correct way with less waiting, 

less waiting in the system saves money as less fuel will be wasted. 
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ABSTRACT 
In the competitive world, managing a project has become a challenging task for project managers. It 
requires coordinating network activities throughout the organization. In this study, project management 
techniques have been implemented to finish the projects using the available resources without any 
delay. Also, fuzzy project techniques have been applied using triangular fuzzy numbers. With the 
network activity times, both techniques have been optimized. At the end of this study, the results are 
analysed. 
Keywords: Project management techniques; Fuzzy project management techniques; Fuzzy triangular 
numbers; WINqsb. 
 
1.     INTRODUCTION 
 
 A project is a temporary plan which is designed to produce a unique product, service or result. 
Each project must have a specified beginning and end, for convenience they are subdivided into 
activities which also have specified beginnings and ends and the time required for completion of each 
activity has to be estimated. Also, project management is the application of initiating, planning and 
executing the project to achieve the goals. Basically, project management techniques utilize the 
available resources and activity times to achieve their project goals related to the development of 
projects like building, research, production and defence which needs capability in planning and 
scheduling different activities.  

The traditional approach of project management is to initiate and plan the project, then to 
execute under monitoring to finish the project. The challenge of project management is to achieve the 
project goals within time or budget and to optimize the necessary inputs. Many tools are available to 
assist the tasks and to execute the responsibilities. PERT (Program Evaluation and Review Techniques) 
and CPM (Critical Path Method) are the most popular tools used in business for managing a project. The 
basic form of PERT & CPM focus on identifying the longest time consuming path through networks for 
planning and controlling a project. 

The majority of the research on project scheduling has been extended to fuzzy logic. The 
generalization of the project management techniques to fuzzy parameters is a complex task. Fuzzy 
project management technique has been widely used to describe the uncertain task durations and 
scheduling of real business practice in project management. Fuzzy CPM and Fuzzy PERT are the tools 
used in the fuzzy management techniques. In this research, both project management and fuzzy project 
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management techniques of certain and fuzzy activity times have been applied to an organisation to plan 
their project. 

 
 
 

2.    TERMINOLOGIES 
 
2.1. PROJECT MANAGEMENT TECHNIQUES 

A. Critical Path Method (CPM): 
        CPM is a step-by-step project management technique for planning the process that defines the 
critical and non-critical tasks. The project activities are represented as network diagrams which include 
activities and events. The activity durations are assumed to be known with certainty.The CPM technique 
is based on two straight steps: backward and forward pass.A Critical Path refers to the longest path of a 
given project network and the corresponding durations of the critical path is the project completion 
time. The total slack (delay) is zero for those activities which constitute the critical path. Finally, CPM is a 
mathematical based algorithm for scheduling a set of project activities. 

B. Program Evaluation and Review Technique (PERT): 
PERT is a statistical tool used in project management which was designed to analyze and represent 

the tasks involved in completing a project. PERT is used to assist in project scheduling similar to CPM but 
still present some differences. In PERT, for each activity, three time estimates are utilized. The time 
estimates of PERT include: (i) Most optimistic time (t0), (ii) Most pessimistic time (tp), (iii) Most likely 
time (tm).The duration of an activity is calculated as follows:    

Expected time (te): 
         

 
 

Standard deviation (σ):   
     

 
            

Variance:  
     

 
            

2.2. FUZZY MANAGEMENT TECHNIQUES 
Fuzzy Logic is an approach to compute the data based on the degrees of truth that varies 

between 0 and 1. If X is a collection of objects denoted by x, then a fuzzy set Ã in X is a set of ordered 
pairs: Ã = {(x, µÃ(x)) / x € X} and µÃ(x) € [0, 1], where µÃ(x) is called the membership function.In Fuzzy set 
theory, triangular membership function which is defined by three numbers a, b, c is encountered very 
often.  

Triangular fuzzy number [6] is a fuzzy number which is represented with three points as follows: 
Ã = (a1, a2, a3). This representation is interpreted as membership functions and holds the following 
conditions: 
  (i) a1 to a2 is increasing function; 

(ii) a2 to a3 is decreasing function,  
(iii) a1 ≤ a2 ≤ a3.   
 

2 
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   0      , x < a1 

 µÃ(x) =  
    

     
 , a1 ≤ x ≤ a2 

  
    

     
 , a2 ≤ x ≤ a3 

0 , x >a3 

 

 

 

A. Fuzzy Program Evaluation and Review Technique: 
The appropriate membership function for the duration of each activity is selected by a process 

called fuzzification. The operating time are considered as triangular fuzzy numbers. Now the fuzzy 
activity times are calculated by using the average value for the optimistic, pessimistic and optimal 
activities of each project divided by 3 and then summed together. 
Step 1: Input parameters are initiated. 

a. Number of project activities  
b. Preceding and succeeding activities between the events.  

Step 2: Compute average value time of each activity. 

Let to(x, y, z) be the optimistic activity times of average values and it is calculated by to(x, y, z) = 
 

 
 

+ 
 

 
 +

 

 
. Similarly, the optimal activity times tm(x, y, z) and the pessimistic activity times tp(x, y, z) of 

average values are calculated in the same manner. 
Step 3: Calculation of fuzzy operation time of each activity. 

a. The forward pass is used in calculating the early start and finish times. 

Initially, ẼSstart= 0, then                   and ẼF = ẼS (+)    

b. The backward pass is used in calculating the latest start and finish times. 

Initially,   Fend =  , then                   and   S =   F (-)    

Where P = {p / set of all preceding activities}, S = {s / set of all succeeding activities}, ẼS / ẼF = fuzzy early 

start / finish time,   S /   F = fuzzy latest start / finish time,    = fuzzy activity duration and    = project 
completion time. 
Step 4: Output the computing results. 

B. Fuzzy Critical Path Method: 
In CPM, the duration of activity is assumed to be constant when the deterministic method. In 

this method, the given values are considered as the triangular fuzzy numbers are converted into the 

designated representative values using the following formula:  
         

 
   

 
3.   SAMPLE AND DATA COLLECTION 

The analyses are made in a web designing firm to improve their project. These techniques will 
be used to improve the web designing firm and to plan their project without any delay. The data are 
collected from ARC web designing project team. The results are tabulated: 
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ACTIVITY PREDECESSOR ACTIVITY DEFINITION OF ACTIVITY 

A - Understanding the goals 

B A Planning the project 

C B Identifying the needs 

D C Determining the proper layout 

E D Approval from the company 

F C Consulting the services 

G C Evaluating the maintenance conditions 

H C Creating the content 

I G,H Preparing the template design 

J I  Conducting tests 

K F Launching the website 

 

The relationship between the activities and times was analysed by WINqsb program and the results are 
given below: 

 

 

 

 

 

 

     Figure 1: Normal time in WINqsb display 

(i) CPM: 

 

 Figure 2: Project completion time using WINqsb 
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Project completion time is 80 days and the critical path is identified as A-B-C-F-K and is shown in figure 2 
and figure 3. 

 

 

 

 

                                   Figure 3: Critical path 

(ii) FUZZY CPM: 

The optimistic and the pessimistic representative values are given below: 

ACTIVITY PRE.ACTIVITY PESSIMISTIC VALUE OPTIMISTIC VALUE 

A - 7 5 

B A 50 45 

C B 11.75 13.75 

D C 6.75 6.5 

E D 3 2 

F C 13.25 11.75 

G C 3.25 3.25 

H C 8.25 5.5 

I G,H 3 2 

J I 1 1 

K F 8 6 

 
Using WINqsb program, the optimal solution for the pessimistic analysis is calculated as 90 days and the 
critical path is A-B-C-F-K. Also, the optimal solution for the optimistic analysis is calculated as 81.50 days 
and the critical path is A-B-C-F-K. 
 
(iii) PERT: 
The relationship between the 3-time estimates and the activities are calculated using WINqsb. 
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Figure 4: Time Estimates 

Project completion time is calculated as 80.33 days is shown in figure 5. The critical path is identified as 
A-B-C-F-K and the standard deviation is 2.17 is shown in figure 6. 

 

 

 

 

 

 

 

 

Figure 5: PERT analysis 

 

 

 

 

Figure 6: Critical path 

(iv) FUZZY PERT: 

 The average values of times which are calculated from the duration of activity are tabulated 
below: 
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ACTIVITY PRE.ACTIVITY DURATION AVERAGE VALUES 

 
A 

 
- 

(3,5,7) 
(5,6,7) 
(7,7,9) 

 
(5,6,7.6) 

 
B 

 
A 

(40,45,50) 
(50,60,70) 
(60,75,90) 

 
(50,60,70) 

 
C 

 
B 

(10,15,15) 
(13,12,15) 
(15,18,18) 

 
(12.6,15,16) 

 
D 

 
C 

(4,7,8) 
(5,6,9) 
(5,7,9) 

 
(4.6,6.6,8.6) 

 
E 

 
D 

(2,2,2) 
(3,3,3) 
(5,5,5) 

 
(3.3,3.3,3.3) 

 
F 

 
C 

(10,12,13) 
(12,15,15) 
(13,17,18) 

 
(11.6,14.6,15.3) 

G C (2,3,5) (2,3,5) 

 
H 

 
C 

(5,7,9) 
(3,5,12) 

(7,12,15) 

 
(5,8,12) 

 
I 

 
G,H 

(1,3,5) 
(1,2,3) 
(2,4,4) 

 
(1.3,3,4) 

J I (1,1,1) (1,1,1) 

 
K 

 
F 

(5,6,7) 
(6,8,8) 
(7,9,9) 

 
(6,7.6,8) 

 
Fuzzy activity times are calculated below: 
 
(a) EARLY START AND FINISH TIMES: 

ACTIVITY EARLY START EARLY FINISH 

A (0,0,0) (5,6,7.6) 

B (5,6,7.6) (55,66,77.6) 

C (55,66,77.6) (67.6,81,93.6) 

D (67.6,81,93.6) (72.2,87.6,102.2) 

E (72.2,87.6,102.2) (77.2,94.6,111.2) 

F (67.6,81,93.6) (79.2,95.6,108.9) 

G (67.6,81,93.6) (69.6,84,98.6) 
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H (67.6,81,93.6) (72.6,89,105.6) 

I (72.6,89,105.6) (73.9,92,109.6) 

J (73.9,92,109.6) (74.9,93,110.6) 

K (79.2,95.6,108.9) (85.2,103.2,116.9) 

 
(b) LATEST START AND FINISH TIMES:  

ACTIVITY LATEST START LATEST FINISH 

A (0,0,0) (5,6,7.6) 

B (5,6,7.6) (55,66,77.6) 

C (55,66,77.6) (67.6,81,93.6) 

D (72.2,87.6,102.2) (72.2,87.6,102.2) 

E (75.5,90.9,105.5) (75.5,90.9,105.5) 

F (67.6,81,93.6) (79.2,95.6,108.9) 

G (70.6,86,100.6) (72.6,89,105.6) 

H (67.6,81,93.6) (72.6,89,105.6) 

I (72.6,89,105.6) (73.9,92,109.6) 

J (73.9,92,109.6) (74.9,93,110.6) 

K (79.2,95.6,108.9) (85.2,103.2,116.9) 

 The fuzzy project completion time T is expressed as: 

  
      

          
 ,   85.2 ≤ x ≤ 103.2 

  
       

           
 , 103.2 ≤ x ≤ 116.9 

         0,              otherwise   

The degree of criticality can be calculated as: CPi =sup {TPi^ T} 

 There are four alternative routes. The fuzzy path length is calculated as: 

1.A-B-C-D-E: (5,6,7.6)+(50,60,70)+(12.6,15,16)+(4.6,6.6,8.6)+(3.3,3.3,3.3)=(75.5,90.9,105.5) 

2.A-B-C-G-I-J: (5,6,7.6)+(50,60,70)+(12.6,15,16)+(2,3,5)+(1.3,3,4)+(1,1,1)=(71.9,88,103.6) 

3.A-B-C-F-K: (5,6,7.6)+(50,60,70)+(12.6,15,16)+(11.6,14.6,15.3)+(6,7.6,8)=(85.2,103.2,116.9) 

4.A-B-C-H-I-J: (5,6,7.6)+(50,60,70)+(12.6,15,16)+(5,8,12)+(1.3,3,4)+(1,1,1)=(74.9,93,110.6) 

 

 

 

µT(x) = 
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(v) DEGREE OF CRITICALITY:  

PATHS CPi 

1 0.83 

2 0.67 

3 1 

4 0.45 

According to the results, path 2 is the critical path (i.e.,) A-B-C-F-K and the project completion 
time is given by (85.2, 103.2, 116.9). The exact value for the project duration is calculated by the average 
of triangular fuzzy numbers (85.2+103.2+116.9) / 3 = 101.7 

(vi) TABULATION 

Method Project Duration Critical Path Standard Deviation 

CPM 80 A-B-C-F-K - 

PERT 80.33 A-B-C-F-K 2.17 

FCPM (Pessimistic) 90 A-B-C-F-K - 

FCPM (Optimistic) 81.50 A-B-C-F-K - 

FPERT 101.7 A-B-C-F-K - 

 

4.    CONCLUSION 

 The time difference between the classic CPM, PERT and the fuzzy CPM, PERT is not too long. In 
this method, we have employed the direct arithmetic fuzzy operations in obtaining the meaningful 
computable results. According to the method of uncertainty, fuzzy PERT gives the optimal solution. 
However the fuzzy factors cannot be effective if the numbers of business transactions are increased. 
When viewed from this aspect, classical CPM and PERT techniques will be appropriate. 
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Abstract 
In this paper, we are determining the customer’s waiting time and cost. To determine an optimum 
number of servers, queuing theory is applied. The time spent by the customers for getting service is a 
major source of concern. Too much of waiting in a queue or in a system make the customer impatience 
and unsatisfied. Providing too much service facility (Electronic devices) for billing section involves 
excessive cost. But not providing enough facilities would result in customers waiting time. To avoid 
these problems, in this study we are using multi-server queuing model.  

 
Keywords: Multi-server queuing model; waiting time; service cost; queue; hybrid server; FCFS. 

1.INTRODUCTION: 

 Queuing theory is a mathematical study of waiting for lines or queues. A queue forms whenever 

the existing demand exceeds the existing service facilities, i.e., whenever the customer cannot able to 

receive the service immediately due to a busy server. 

 Queuing theory was originated by Agner Krarup Erlang. The models are created to describe the 

Copenhagen telephone exchange.  Queuing has wide applications in health services, where the waiting 

time of the patients is reduced using M/M/S model, Mala (2016), a comparison of different departments 

in the hospital using in-patient and determining the M/M/S model, Saima Mustafa (2015), finding the 

accurate flow of in-patient and determining the optimal bed count in the hospitals, Olorunsola.S.A 

(2014).  

In banking sectors, a queue management system has been introduced with SMS  notification, 

Nityangini Jhala(2016), a comparison of two banks using M/M/S models and obtain which bank gets the 

positive significance effect on customers, Raimi Oluwole Abiodun(2015), a study of waiting time of a 

customer in an ATM center, S.Maragatha Sundari (2012), etc. In supermarkets where M/M/1 model is 

used and attempt to propose M/M/S model with FCFS discipline, Anindita Sharma (2015), a queue 

management analysis in supermarkets, Anthony IGWE (2014), etc. 

The network topology is a layout or structure of communication channels. In these topologies, 

the computers are connected to each other by means of cables and also they are connected to a central 
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hub or servers. A hybrid topology is a combination of star, ring, bus topology. A hybrid server is a new 

kind of dedicated server that offers both the power of a classical dedicated server and the flexibility of 

cloud computing. On the hybrid, dedicated servers hardware’s are 100% allocated to the user. The 

prices are lower than the dedicated servers. 

2.HYBRID M/M/S MODEL: 

 The model M/M/S is the next level of the basic model M/M/1.   

      “An M/M/S queue is a stochastic process whose state space is the set {0,1,2,3,…….}       where 

the value corresponds to the number of customer in the system, including any currently in service”. 

 

Figure 1: Hybrid M/M/S Queue 

All customers arriving at the queuing system will be served continuously and the service 

discipline followed here is FCFS (First Come First Serve). The customers choose their server according to 

their category of service. Here the arrival of customers is infinite we will discuss the case for S = 4. 

:  The mean customer's arrival rate 

: The mean service rate 






s
 : Utilization factor, where s is the number of servers. 

The probability of zero customers in the super mart: 
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3.METHODOLOGY: 

  For this study, we collected data from different super marts during the peak hours 6.30 – 

8.00pm. The data is collected by direct observation. In these super marts, there are only two servers to 

service the customers, due to this the waiting time of the customers in the queue increases. To avoid 

this now we are going to assign extra two more servers to the system and to avoid excessive cost for 

electronic devices (computers) we are using the hybrid server. The following are the assumptions made 

for the queuing system. They are  

1. Arrivals follow Poisson process with an average rate of λ customers/unit time. 
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2. Services are distributed exponentially with an average rate of µ customers/ unit time. 

3. The queue discipline followed here is FCFS (First Come First Serve). 

4. Arrival of customers is infinite. 

5. The average arrival rate of customers is greater than the service rate of customers. 

6. Servers here represents cashier. 

4.INTRODUCING COSTS: 

   In order to evaluate and determine the optimum number of servers in the system. The cost 

involved here is (i) service costs (ii) Waiting time costs of customers.  

Expected Service cost E (SC) = SCS             (1)                                                                                                  

      Where, S= number of servers, Cs= service cost of each server 

      Expected Waiting Costs in the System E (WC) = (λWs) Cw      (2) 

      Where λ = number of arrivals, Ws = Average time an arrival spends in the system 

      Cw = Opportunity cost of waiting by customers. 

      Adding (1) and (2) we have, 

      Expected Total Costs E (TC) = E (SC) + E (WC) 

5.ANALYSIS OF DATA: 

All the sources have only 2 servers. These 2 servers handle both types of customers. Service 

distribution for the 1st type is 3mins and for 2nd type is 2mins. We have assumed the opportunity cost of 

waiting by customers as Rs.120 per hour and the service cost of handling one category of customers is 

Rs.250. We have many sources data, now we are going to take only one source data, calculate it and the 

remaining source are as follows. 

Performance Measures S = 2 

Arrival rate (λ) / hour 53 

Service rate (µ) / hour 30 

Waiting time (Wq) 7mins 
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E (Service cost) 1000.Rs 

E (Waiting cost) 945.Rs 

E (Total cost) 1945.Rs 

Table 1:Hybrid M/M/S Queue Categories Combined. 

Here the 2 types of customers are separated and each type of customers is handled by 2 servers. 

Performance Measures More Items (per hour) 

S=2 

Less Items (per hour) 

S=2 

Arrival rate (λ) /hour 22 32 

Service rate (µ) /hour 20 30 

Waiting time (Wq) 1.30mins 47sec 

E (Service cost) 500.Rs 500.Rs 

E (Waiting cost) 189.Rs 179.Rs 

E (Total cost) 1368.Rs 

Table 2: Hybrid M/M/S Queue Category Separated. 

6.DISCUSSION OF RESULT: 

The result shows that the optimal server level is achieved when both categories of customers 

are handled by different servers with a minimum total cost Rs.1368 per hour against the present total 

cost Rs.1945 per hour. 

7.CONCLUSION: 

 From this study, we found that the waiting time is 7 minutes for a customer when both types of 

customers are handled by the same servers. When two types of customer are handled by different 

servers, the waiting time of customers with more items is 1.30mins and waiting of customers with less 

item is 47secs. All the electronic devices (computers) are connected to the main server, the process is 

called hybrid server, which will avoid the excessive cost for the proprietor and the working process will 

be fast. Hence by following this method in a super mart, the proprietor will gain profit and the 

customers will be satisfied. 
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Abstract 

“Water” seems to be a very big problem, what the world is facing now. When it comes to water conflict, 

the very first thing we see is the water resources. Many water resources sharing ended up in war. Else 

we can say in Game theoretic way called a Non cooperative way of approach. Though many has ended 

up in non cooperative, This paper reviews the application of cooperative game theory to water 

resources management and conflict resolution through a series of non-cooperative water resource 

games. The paper also illustrates clear on how a cooperative game theory can minimize the cost and get 

economical benefits. Also it has been discussed some strategies on minimizing the usage of water in day 

today life. 

Keywords: Game theory; Water Managements; Resource conflicts. 

 

1.INTRODUCTION 

          Water is an essential resource for all life on the planet. Of the water resources on Earth only three 

percent of it is fresh and two-thirds of the freshwater is locked up in ice caps and glaciers. Of the 

remaining one percent, 1/5th is in inaccessible areas and much seasonal rainfall in monsoonal deluges 

and floods cannot be easily used. As time advances, water is becoming more lesser day by day and 

access to clean, safe, drinking water is limited among countries. At present only about 0.08% of all the 

world’s fresh water is exploited by mankind, in ever increasing demand for sanitation, drinking, 

manufacturing, leisure and agriculture. Due to the small percentage of water remaining. Much effort in 

water resource management is to direct at optimizing the use of water and to minimize the 

environmental impact of water use on the natural environment. 

          Water resource management is the activity of planning, developing, distributing and managing the 

optimum use of water resources throughout the world. It is a sub-set of water cycle management. 

Water resource management planning has regard to all the competing demands for water and seeks to 
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https://en.wikipedia.org/wiki/Sewage_treatment
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https://en.wikipedia.org/wiki/Water_use
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allocate water on an equitable basis to satisfy all users over the world. Management of water resources 

has been proposed by many, around the world. Water conflicts have been approached by various 

people in various fields. If we take mathematics alone as a field, even in mathematics we can see a lot of 

significant papers and case studies on the prevention and solution on conflict over water resources. In 

every water resource problem there will be a cooperative concept behind, thus cooperative concept 

leads to Game Theory.  

          Game theory gives an outline for studying the strategic actions of individual decision makers to 

improve more broadly acceptable solutions. Game theory’s value might remain unclear to some of the 

water resources community due to lack of clear understanding of its basic concepts. As with other fields 

(e.g. economics, social science, computer intelligence, etc.) water scholars will become more interested 

in game theory as they come to realize its story and useful ta-tics into water resources problems. Game 

theory results are closer to reflect the behaviors of the parties involved, sometimes neglected by 

conventional optimization methods for solving multi-criteria multi-decision-maker problems. 

          This paper briefs the utility of game theory in water resources and its conflict resolution by 

discussing the basic concepts in game theory and presenting some simple two-by-two water resource 

games. In this paper it is also discussed how the water resource problems and game evolution might 

affect the behaviors of users in different periods of the water conflict. And efficient cooperative 

allocation approach on water resource is also proposed to solve water allocation problems. 

 

2.GAME THEORY 

          Game theory is "the study of rational behavior with cooperative and Non cooperative conflicts". 

Game theory is mainly used in economics, political science, and psychology, as well as logic, computer 

science and biology. Games consists of a set of players with a set of strategies for them, and 

specification of players payoffs for each combination of such strategies (possible outcomes of the 

game). The payoffs of players are to determine the decisions made and the type of the game being 

played (Stanford Encyclopedia of Philosophy, 2006). If the payoffs sum up to ‘ 0 ‘ or a constant then the 

players have opposing interests and are playing a zero-sum-game. However if one player wins, the other 

player loses. Non-zero-sum games, in which the sum of payoffs is not equal to zero or constant.  

          Game theory can be used to predict the player’s behavior by knowing their past and present 

behavior. Game theory can be a used in various fields to study the future behavior of a particular player 

or a particular field. Game theory was established in 1944 with the publication of von Neumann and 

Morgenstern’s ‘‘Theory of Games and Economic Behavior” book, which mainly dealt with quantitative 

game theory methods. After World War II, most scholars worked on  developing quantitative game 

theory methods; and this trend still persists today (Hipel and Obeidi, 2005).  

https://en.wikipedia.org/wiki/Economics
https://en.wikipedia.org/wiki/Political_science
https://en.wikipedia.org/wiki/Psychology
https://en.wikipedia.org/wiki/Logic
https://en.wikipedia.org/wiki/Computer_science
https://en.wikipedia.org/wiki/Computer_science
https://en.wikipedia.org/wiki/Biology
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3.GAME THEORY ON WATER RESOURCE CONFLICTS 

          In a water conflict, different groups or individuals can be taken as decision makers, where each 

decision maker can make choices unilaterally and the combined choices of all players together 

determine the possible outcomes of the conflict. Instead of unilaterally moving, decision makers also 

may decide to cooperate to get optimal outcomes. Game theory techniques provide an effective and 

precise language for discussing specific water conflicts. A systematic study of a strategic water dispute 

provides insights about how the conflict can be better resolved and may suggest innovative solutions. 

          Many researchers and papers have attempted water conflict resolution studies in a game-theoretic 

framework. Carraro et al. (2005), Parrachino et al. (2006), and Zara et al. (2006) review game theoretic 

water conflict resolution studies. Game theory applications in water resources cover a range of water 

resource problems, solution methods, analysis types, and classifications. So far, game theory has been 

applied for (1) water or cost/benefit allocation (2) groundwater management (3) water allocation 

among trans-boundary users (4) water quality management and (5) other types of water resources 

management problems (Kaveh madani, 2010). Non-cooperative game theory deals with non-cooperative 

games in which players competes and makes independent decisions, whereas cooperative game theory 

deals with cooperative games in which groups or alliances of players make decisions together and 

involves allocation benefits from cooperation. Nevertheless, the increasing number of game theory 

researches by water scholars in recent decades underscores the growing desire for application of this 

methodology in resolving water conflicts. However, there is still a lack of knowledge about the value of 

application of game theory in water resources management. 

          This paper approaches water resources conflict by introducing some strategies in real life problems 

in game theory way. By using those strategies water conflicts can be eradicated completely from any 

part of the world. 

4.PRISONER’S DILEMMA 

          A standard example of game theory in prisoner's dilemma is that shows why two completely 

"rational" individuals might not cooperate. Two members of a criminal gang are arrested and 

imprisoned. Each prisoner is placed in separate room with no means of communication with the other. 

The prosecutors lack sufficient evidence to convict the pair on the principal charge. They both get 

sentenced to a year in prison on a lesser charge. Simultaneously, each prisoner is given the opportunity 

either to: betray the other by testifying that the other committed the crime, or to cooperate with the 

other by remaining silent. The offer is:  

1. If A and B each betray the other, each of them serves 5 years in prison 

https://en.wikipedia.org/wiki/Game_theory
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2. If A betrays B but B remains silent, A will be set free and B will serve 7 years in prison (and vice 

versa) 

3. If A and B both remain silent, both of them will serve only 1 year in prison. 

Table 1. 

 

 

 

    

   

The above table 1. shows the Prisoner’s Dilemma in a payoffs matrix form, representing the number 

of years each prisoner should serve in jail. Each cell has two values. The first value (left) represents 

player 1’s payoff and the second value (right) represents player 2’s payoff. The strategies which yield the 

payoffs of each cell are given in left of the table for the first player and on top of the table for the second 

player. In this matrix, the lower the payoff for a player, the better is the outcome for that player. Out of 

these four strategies obtained (DC, C), (C, DC) & (C, C) are either way these are not possible, as we 

mentioned earlier that both the prisoners are not communicating. So, the most chances of happening 

are (DC, DC) which can be otherwise called as dominant strategy (optimal outcome). In case if one of the 

player plans to move from his optimal position, ie., the player agrees to confess, then the strategy 

moves to Nash Equilibrium (Kaveh madani, 2010).  

    Similarly, in water resources conflicts with a Prisoner’s Dilemma structure, explaining the problem to 

the parties or other forms of trust might lead to cooperation and better solutions. Generally, in 

Prisoner’s Dilemma games, the threat of defection by other players results in non-cooperative behavior. 

By understanding the structure of the game and predicting the players behaviors through game theory, 

it might be possible to find measures for enforcing better solutions by changing the payoffs which 

change the structure of the game. Imagine two farmers (farmer 1 & farmer 2) are working in farming 

field. If they both depend on ground water for the source of water, say for example they can use the 

ground water source for 30 years. If both the farmers pump only a same minimum amount of water for 

their field for irrigation purpose and they also pay some maintenance cost for a consecutive period of 

time. The revenue for both the farmers would be the same with equal amount of profit. This case 

happens on supervision, where if one farmer fails to pay the maintenance he will be charged with 

penalty. Below payoff gives the above scenario. 
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Table 2. 

 

 

 

 

 

 

 

When there is a Dominant Strategy (supervision) followed with some penalty restriction applied, both 

the farmers yield the same amount of revenue in the best case (5, 5 ) and as well as in the worst case (1, 

1).    

 Suppose there is no dominant strategy followed, and suppose farmer 2 denies to pay the maintenance 

cost. Then the payoff would be,  

Table 3. 

 

 

 

 

 

The farmer 1 who pays the maintenance gets normal revenue. Whereas the farmer 2 who refuses 

to pay the maintenance gets more revenue profit than compared to farmer 1. But in case of any 

pumping failure or fault the payoff would be, 
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Table 4. 

 

 

 

 

 

 

 

 

As farmer 1 has been paying the maintenance, he didn’t face much loss in his revenue. Whereas farmer 

2 faced a very big loss in his revenue. 

          During each behavior we obtained different payoff matrixes. As a result first payoff matrix 

dominates; the strategy followed here is dominance strategy with cooperative game theory. 
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Figure 1. Payoff off farmer during maintenance conflict 

The above graph is generated by using Geogebra, the graph represents how the maintenance cost got 

increased over the time period. When one of the farmers denies paying the maintenance. Also 

represents, what happens when both pay the maintenance. As we see in graph if both agrees to pay, 

there is almost a least maintenance cost shared by both. Which ultimately leads to very good revenue 

for both farmers? Also saving water plays a very important role at this stage. 

 

5.RECYCLING OF WATER: A Pure Strategy 

          The one of the best optimal solution for water resource conflict is recycling of water, which directly 

links to improving ground water.   

     

 

 

Figure 2. Water usage by a family per day 

the above chart gives a clear picture on how we use water in our homes on daily basis. If we take a close 

look at the chart, we use only 4% for drinking and we use a maximum of 30% for toilets. The rest are like 

21% on bathing & leaks, 12% on showers, 13% on clothes washing, 7% on outdoor & 13% on others. If a 

single family uses this much of water on a daily basis and flushes more of it to drainage, if this continues 

at a point of time ground water source will be in a very bad condition. So, what can be done?  
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Figure 3. Recycling of used water 

 

 

Figure 4. Detailed used water recycling process 

          The solution is to introduce a pure strategy. A pure strategy defines a specific move that a player 

will follow in every possible situation in a game. For example, in a chess game a player observes his 

opponent moves and according to that he makes his moves forward. The same can be applied in our 

water conflict problem; we get a pure strategy called recycling of water. Fig. 3 & Fig. 4 give a clear 

picture on recycling of water process, around 70% of our daily water we use as a waste. Suppose if it is 

possible to convert all that 70% as ground water, we will never experience drought or water source 

conflict. The step What we have to take is, water used for washing & bathing are in large quantity. We 

can simply direct the draining pipe directly to our garden (as mentioned in fig. 3), which in turn not only 

help the plants as well as it will help in improving the ground water level. Thus the wastage of 70% 
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water can directly be converted into 70% of growth in ground water level. By implementing this pure 

strategy anywhere across the globe, ground water level can be maintained in a very good level always. 

Even there is no water in reservoirs, we can still live with the ground water. If we use this recycling 

strategy.            

6.CONCLUSION AND FUTURE WORK: 

          This paper has a demonstrated clearly on what are game theory and water resources. The main 

aim of this paper is to approach water resource conflicts with game theory, by deriving the best 

strategies to get the optimal outcome. It has also explained the implementation of prisoner’s dilemma 

and cooperative concept to improve the economical benefits for a farmer. A strategy on recycling of 

water is also introduced to improve the ground water level by an easy process. Though we have water 

from reservoir’s, lakes, rivers, etc during some exceptional cases, ground water play a major role.     

          Future work will be including water markets as another strategy. Which will give a very huge saving 

of water with economical benefits for every individual, by implementing water markets even the word 

“water conflict” can be erased easily? A cheaper living is also possible with water markets.   
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ABSTRACT 

           Assignment problems arise in different situation where we have to find an optimal way to assign n 

objects to m objects in an injective fashion. Matching highly skilled people to available positions is a 

high-stakes task that requires careful consideration by experienced resource managers. Making wrong 

decision in assigning staffs by under-qualification or over-qualification may results in significant loss of 

value. Two methods were used to solve the assignment problem (Hungarian method, alternate method) 

and the results were compared. The result from these comparison shows that both method gives the 

same optimal solution, but the alternate method and yielded the optimal solution in few steps which 

saves time. 

Keywords: Optimal solution; Alternate method; Hungarian method 

1.INTRODUCTION: 

         The assignment problem is a special type of linear programming problem where assignees are 

being assigned to perform tasks. For example, the assignees might be employees who need to be given 

work assignments. A common application of assignment problem is assigning the persons to respective 

jobs. However, the assignees need not be people. They also could be machines or vehicles, or plants or 

even time slots to be assigned tasks. 

          The basic objective of an assignment problem is to assign n number of resources to n number of 

activities so as to minimize the total cost or to maximize the total  profit of allocation in such a way that 

the measure of effectiveness is optimized. Konig .D (2003),An assignment problem is completely 

specified by its two components the assignments, which represent the underlying combinatorial 

structure, and the objective function to be optimized, which models “the best possible way”. There are 

several methods of solving the assignment such as Enumeration method, Transportation model, 

Hungarian method, The new alternate method, Matrix ones assignment method. Here, Britz .S.S and 

Maltiz, M.J(2010)we shall discuss briefly on only three methods of interest; these methods are: 
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        The Hungarian method of assignment provides us with an efficient means of finding the optimal 

solution s without having to make a direct comparison of every option. It operates on a principle of 

matrix reduction. This just means that by subtracting and adding appropriate numbers in the cost table 

or matrix Konig .D (2003). This was named the hungarian method. Shalini Arora , M.C.puri (2000)in this 

paper, time minimizing assignment problem dealing with the allocation of n jobs to m  persons is 

considered. One job is to be allocated to exactly one person and each person does at least one job. 

Shweta Singh, G.C.Dubey (2012)in this paper, a new and simple method was introduce For solving 

assignment problems, and moa method can be used for all kinds of assignment problems, whether 

maximize or minimize the objective. Britz .S.S and Maltiz, M.J(2010)applied hungarian algorithms to 

baseball team selection. They achieved this by assigning the most appropriate Player to their respective 

position on the field in order to obtain an optimal team. Bertsekas, D.P and Castanon. D.A , (2009) 

worked on the  extension of the parallel auction algorithm. This work focused on the case where the 

availability of local information and how it always converges to an assignment problem. And the benefit 

is being maximized within a linear approximation of the optimal one. Bogomolnaia .A , and Moulin .H, 

(2001)in this paper, the assignment problem is the allocation problem where n objects are to be 

allocated among n agents, and each agent is to receive exactly one object. Akpan.N.P, Abraham U.P, in 

this paper, matching highly skilled people to available position/job is high-stake task that requires 

careful consideration by experienced resource managers. Naveh. Y, Richter. Y, Gresh.D.L (2007) provided 

a novel solution with the application of constraint Artificial intelligence to bridge the gap between the 

need for high quality matches and the need for timeless. Robert. S.(2005) reached on assignment of 

workers to jobs in an economy with co-ordination frictions. This was done by assigning heterogeneous 

workers to heterogeneous jobs. Ventepaka Yadaiah, V.V. Haragobal ,(2016) in this paper, general 

assignment problem includes n tasks that must assign to n workers where each worker has the 

competence to do all tasks. A multi-objective optimization is developed to analyze the advance time 

cost quality problem. However, Kuhn .H.W (2004) came up with a computational approach that makes 

use of duality in an effective manner. He also stated that there exists optimality in an assignment 

problem if and only if it is complete after every possible transfer.   

2.SCOPE OF THE STUDY 

     The scope of the study is to focus on how the head should assign his staff to the courses so as to 

maximize the educational quality in his department.  

2.1STATEMENT OF THE PROBLEM 

     The basic objective of an assignment problem is to assign ‘n’ number of resources to ‘n’ number of 

activities so as to minimize the total time taken to finish all jobs by the individuals.    

     Then, the mathematical model of the assignment problem can be stated as  follows. 
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  The general problem is modeled as; 

          Maximize Z =
 

n
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1 1

ijXij   

          Subject to 


n

j

X
1

ij =1 

                       


n

j

X
1

ij = 1 

              Where Xij =  0 and 1 

2.2.DATA COLLECTION: 

      In this chapter, we shall use the Hungarian algorithm to solve the Mahalakshmi High School staff 

assignment problem. The choice of the staff assignment model is a real life problem in the service 

industry. The aim is to determine the best assignment policy in the institution so that the institution gets 

the best results of student’s performance from the various staff assign to the various subjects. The 

general practice is that most establishments do not have a well structured plan on how to assign subject 

teachers to the various subjects. Teachers are assigned by the discretion of Assistant Headmaster 

Administration or Departmental Heads. These methods are faulted, and are basically inefficient. 

2.3.DATA COLLECTION AND ANALYSIS: 

           The Assistant Headmaster Administration or departmental head has the problem of providing 

teachers for the six subjects offered by his department at the highest possible level of educational 

'quality'. He has a posting for six graduate teachers who can handle at least one of the six subjects. After 

appropriate introspection and evaluation he has arrived at the following relative ratings (100 = basic 

rating) regarding the ability of each instructor to teach the six subjects, respectively. 

Relative ratings of staff to various subjects 

Table 1.1: 

Teachers   Social Chemistry English  Maths  Biology Physics  

A 87 - 81 79 - - 

B 82 83 76 82 - 73 

C - 78 77 76 83 69 

D 86 - 87 70 - - 
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E - 86 83 75 85 77 

F - 77 82 80 84 76 

 

       The problem now is how the head should assign his staff to the courses so as to minimize the fail 

percent and maximize best results of student performance. Since the assignment problem deals with 

the minimization problem, the above maximization problem is reduced to a minimization problem by 

finding the regrets matrix. 

3.SOLUTION TO THE ASSIGNMENT PROBLEM USING HUNGARIAN METHOD: 

Table 1.2: 

Teachers  Social Chemistry English Maths Biology Physics  

A 13 - 19 21 - - 

B 18 17 24 18 - 27 

C - 22 23 24 17 31 

D 14 - 13 30 - - 

E - 14 17 25 15 23 

F - 23 18 20 16 24 

 

Table 1.3: 

Teachers Social Chemistry English Maths Biology Physics  

A 0 - 6 8 - - 

B 5 4 11 5 - 14 

C - 9 10 11 4 18 

D 1 - 0 17 - - 

E - 1 4 12 2 10 

F - 10 5 7 3 11 

 

Table 1.4: 

Teachers Social Chemistry English Maths Biology Physics  

A 0 - 3 5 - - 

B 1 0 7 1 - 10 

C - 5 6 7 0 14 
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D 0 - 0 16 - - 

E - 0 3 11 1 9 

F - 7 2 4 0 7 

 

Table 1.5: 

Teachers Social Chemistry English Maths Biology Physics  

A 0 - 1 4 - - 

B 0 0 5 0 - 6 

C - 0 4 6 0 10 

D 0 - 0 15 - - 

E - 0 1 10 0 5 

F - 2 0 3 0 3 

 

Table 1.6: 

Teachers Social Chemistry English Maths Biology Physics  

A 0 - 0 3 - - 

B 0 0 1 0 - 2 

C - 0 2 4 0 8 

D 0 - 0 11 - - 

E - 0 0 9 0 4 

F - 0 0 1 0 1 

 

 

Table 1.7: 

Teachers Social Chemistry English Maths Biology Physics  

A 0 - 0 2 - - 

B 0 0 0 0 - 1 

C - 0 1 3 0 7 

D 0 - 0 10 - - 

E - 0 0 8 0 3 

F - 0 0 0 0 0 
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Here,  A  Social 

          B  Maths 

          C   Biology 

          D  English 

          E  chemistry 

          F  Physics 

The total minimum regret that will maximize total educational quality is given as   

Total =13+18+17+13+14+24 

Total =99 

4.SOLUTION TO THE ASSIGNMENT PROBLEM USING ALTERNATE ASSIGNMENT METHOD: 

Table 1.8: 

Teachers Social Chemistry English Maths Biology Physics  

A 13 - 19 21 - - 

B 18 17 24 18 - 27 

C - 22 23 24 17 31 

D 14 - 13 30 - - 

E - 14 17 25 15 23 

F - 23 18 20 16 24 

Step 1: 

   Now we select row A and select that column for which row A has minimum cost. Row A has minimum 

value in column I. we write teacher A under column 1 and subject social under column 5. In a similar 

way, we select all rows and find their minimum value entry for the respective columns. 
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Table 1.9: 

 

A Social 

B Maths 

C Biology 

D English 

E Chemistry 

F Biology 

 

Step 2: 

   Here, A,B,D,E rows has unique solution as it doesn’t occur again and hence we assign teachers A,B,D,E 

to SOCIAL ,MATHS, ENGLISH,SCIENCE respectively. Next we delete these columns. Again we select the 

teachers for remaining subjects as shown below 

Table 1.10: 

Teachers  Biology  Physics 

 

  

C 

 

17 

 

31 

 

F 

 

16 

 

24 

 

In this step, only two column remains along with two rows C and F. So, we assign C to subject biology 

(since it has minimum value). Next, only F which will be assigned to physics. Finally each teacher is 

assigned a unique subject is shown below. 
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Table 1.11: 

TEACHERS SUBJECTS 

A SOCIAL 

 

B 

 

MATHS 

 

C 

 

BIOLOGY 

 

D 

 

ENGLISH 

 

E 

 

CHEMISTRY 

 

F 

 

PHYSICS 

       

The total minimum regret that will maximize total educational quality is given as   

Total =13+18+17+13+14+24 

Total =99 

5.CONCLUSION: 

       This research seeks to solve a real life problem of a staff placement problem using the Hungarian 

method and the alternate method. Suppose, if we assign staffs to the subjects in a normal way, it will be 

very complicate. Our research focused on the use of the assignment problem for placement and 

selection of staff to a given subject in order to obtain the best quality results from the teachers. It was 

observed that the solution that gave maximum achievable  results from the teacher or a minimum 

regret for assigning a teacher to a subject was 99. So, we conclude that the Hungarian method and 

alternate method give same optimal solution. However the technique for solving an assignment 

problem using alternate method is more simple and easy as it takes few steps for the optimal solution.  
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Abstract 

Vehicular Ad- hoc Networks (VANET) plays an important role in Intelligent Transportation System (ITS) 

by providing critical information about roads and traffic, sending safety message. In order to test the 

feasibility and performance of VANET, it requires some specific networking method which uses to check 

and test with the help of simulation. In this paper, we propose a mobility model in new cluster protocol 

by the use Markov analysis method; finally, give the validation and simulation. The main purpose of this 

paper is to least time delay and disconnection of the network. 

 Keywords: Vehicular Ad Hoc Network; Mobility model; Markov process; new cluster algorithm.  

 

1.  INTRODUCTION              

            Vehicular Ad-hoc Networks provide critical information about road its send a message to the 

driver for the safety driving. This particular feature makes the standard networking protocol ineffectual 

in VANETs. In this VANET, we are going to test protocol and we also apply in the real test environment, 

simulation is widely for the first step to the development of protocols as well as to validation of an 

analytic model of VANETs. In VANET, the routing protocols are classified into five categories: Topology 

based routing protocol, Cluster based routing protocol, and Geo cast routing protocol and Broadcast 

routing protocol. Over the last few years, we have been conducted on VANETs, mainly focusing on 

routing techniques and data dissemination under various road and traffic condition localization of 

nodes, location privacy protection, and communication security. Markov analysis method is applied in 

many fields. It helps us to decrease the analyst task by reducing the problem from one of the 

mathematical computation to that of state modeling. It allows the analyst to model complex, dynamic, 

highly distributed system.   

 2.  VANET ARCHITECTURE 

Communication architecture- Communication types in VANETs can be categorized into four types. The 

group is closely related to VANETs components as described below 
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In-vehicle communication-It provides GPS navigation and to entrainment, the passengers like mp3 play 

and it also sends sensors for driver about the fatigue detection.  

Vehicle-to-vehicle (V2V) communication- It provides a data exchange to the drivers about road 

condition and warning/safety. 

Vehicle-to-road infrastructure (V2I) communication- It exchange data about the obstacle, weather 

condition, and road signal detection to the driver for the safety drive. 

Vehicle-to-broadband cloud (V2B) communication - This type of communication will be useful for active 

driver assistance and vehicle tracking.  

 

                  

Figure 1: Vehicular ad hoc network communication 

 3. STRUCTURE OF MOBILITY MODEL 
         In literature, Mobility will create a high dynamic environment which is very challenges in such ad 

hoc networks. Vehicular mobility models are classified into microscopic or macroscopic. 

 Macroscopic considers the motion constraints like roads and crossroad. Microscopic considers the 

movement of each vehicle and vehicle behaviors each other. Vehicular mobility model is complex in 

urban than in highway. It analyzes the real-time traffic information to select the best driving route to 

avoid the traffic jam. 

  The mobility model should include: 

Driver Behavior Engine: Drivers get the message through the internet about obstacles, traffic jam. 

Topological maps: This map manages different density of road and contains multiple lanes. 

Car Generation Engine: Different kinds of vehicles have many characteristic that can change the 

traffic engine where vehicle motions are realistic.  

•Data processing 

•Power consuming 

•Data processing 

•Power consuming 

•Data collection 

•Road condition 

•Vehicle to 
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4. INTERSECTION ON MOBILITY MODEL 

4.1 Analytical of Intersection model  

                The intersection is divided into two parts like horizontal and vertical. Horizontal Street is the 

East-West direction and Vertical Street is the South – North direction. Mobile node will move along the 

topological map. At the intersection, mobile nodes choose to turn left or right with a particular 

probability. The speed of vehicles in the same lane has the relation to each other. We consider a case 

study in actual traffic, an intersection on mobility model in rush road traffic. We have assumed that each 

direction as one lane, a total of four lanes. We describe as follows, the rectangular box is assumed as 

buildings and the streets are grids. 

        In this model, we assume that N mobile nodes are distributed randomly in the lanes of an area and 

each node has the same signal range and same speed. In this model, there are limited step plans in 

discrete time and the transition has limited state according to the different probability, so the model is 

Discrete Time Markov chain. At each intersection, the vehicle chooses its next direction following the 

Markov chain whose probability is calculated based on road segments weights.  

                                            

                                                    Figure 2: Intersection on mobility model 

As shown in figure 2, an intersection is divided into four directions, east and west direction in the 

horizontal street, north and south direction in the vertical Street. Vehicles in every direction are divided 

into three groups, set to D = {left, right, straight},  then an intersection is divided into twelve group, then 

we considering set to be  M={ N→E, N→S , N→W , S→W , S→N,  S→E, W→N ,W→E ,W→S ,E→S ,E→W 

,E→N}, every direction also have corresponding transition probability Pij. For example, PNS represents the 

radio between the vehicles from north to south and the total vehicles from the north .Therefore, PNE+ 

PNS +PNW=1. At the same time, the vehicles with the same destination are called groups with a high social 

relationship. 
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4.2 MARKOV PROCESS ANALYSES 

           A discrete Markov chain model can be defined as (S, P, X (0)). S corresponds to the state space, P 

is a matrix representing transition probabilities from one state to another, and X (0) is the initial 

probability distribution of the states in S. Provided that we study a simple Markov Process, and there are 

n states in the system: S1, S2, S3, .., Sn, the transfer probability Pij that state Sj occurring arrayed as 

transfer matrix P as follows: 

P= 

























ppp

ppp

ppp

nn

n

n

.......

.

.

.

.

.

.

.

.

.

.

.

.

.........

........

21

22221

11211

       (1) 

Suppose X(0) = (X1
(0), X2

(0), …Xn
(0)) is the initial probability distribution of the states in S, and after k th step's 

state transition, the state vector is X(k)=(X1
(k), X2

(k), …Xn
(k)) , P(k) illustrates the k-step probability transition 

matrix. Then:  

                       X(k) = X(0) • P(k)                                   (2)  
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Where k=1, 2, 3…n. 

Suppose Pig represents the transition probability from I to J (I，J=N，S，E，W), then the transition 

probability matrix P obtained as follows: 

      P= 
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                              (4) 

Where Pij = Transition probability of state I transit to state J; I, J=N, S, E, W. 

Now, we are calculating the transfer probability of vehicles at the intersection. Suppose Pij represent the 

transition probability from state i to state j, then the transition probability matrix P obtained as follows: 
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Where k=1, 2, 3…..n. 

 IC  -the probability of traffic flow of driving to the direction I of the current cycle 

 
kIN - Traffic flow of driving to direction me of the next k cycle in the future. 

 

CALCULATING THE ERROR 

IE =  %100*
IO

IFIO



 
                                    (6) 

IO Observed value of traffic flow to the direction I, I=N, S, E, W. 

IF -   The Predicted value of traffic flow to the direction I, I=N, S, E, W.  

4.3 CASE STUDY FOR INTERSECTION ON MOBILITY MODEL 

                           In this mobility model, four states are classified by directions (i.e.,) S1, S2, S3, and S4 

denotes the north, south, east and west side states respectively. We have collected the traffic flow data 

at an intersection of Koyambedu flyover in Chennai during a period of time. According to the statistics 

data, we have been calculated the transfer probability of vehicles at the intersection. Pij represents the 

transition probability from state i to State j. 

TABLE 1: Observation number of vehicle in different direction 

Travel direction  

N 

 

S 

 

E 

 

W 

N 0 106 350 150 

S 178 0 642 429 

E 303 95 0 530 

W 233 461 503 0 

 

The transition probability matrix P obtained as follows 
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     P=  
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042.038.019.0

57.0010.033.0

35.051.0014.0

25.058.017.00

             (7) 

Table 1 represents the number of vehicles from one direction to another direction at the intersection 

within eight minutes. The predicted values that are found by using Markov chain calculator and the 

observed values found from normal distributions of traffic flow of eight cycles in the future are shown in 

Table 2. Also, we assume that one cycle is one minute. 

Table 2: Observed and predicted values of traffic flow 

cycle 
NO  NF  SO  SF  EO  

EF  WO  WF  

1 0.1915 0.1921 0.1700 0.1771 0.3078 0.3104 0.4131 0.4205 

2 0.1940 0.1942 0.2224 0.2273 0.3238 0.3272 0.2454 0.2513 

3 0.1879 0.1882 0.1591 0.1642 0.3340 0.3346 0.3106 0.3131 

4 0.1844 0.1936 0.1844 0.1877 0.3238 0.3246 0.2939 0.2941 

5 0.1808 0.1880 0.1800 0.1804 0.3315 0.3319 0.2910 0.2978 

6 0.1879 0.1920 0.1808 0.1819 0.3264 0.3276 0.2967 0.2985 

7 0.1808 0.1910 0.1736 0.1821 0.3289 0.3298 0.2910 0.2970 

8 0.1879 0.1915 0.1772 0.1816 0.3265 0.3287 0.2939 0.2982 

Now with the help of above table we are going to find the value of errors between observed and 

predicated values. 

TABLE 3: ERROR BETWEEN OBSERVED AND PREDICATED VALUE OF TRAFFIC FLOW 
CYCLE 

NE  

% 

SE  

% 

WE  

% 

EE  

% 

1 -0.313 -4.176 -0.844 -01.791 

2 -0.103 -2.203 -1.050 -2.404 

3 -0.159 .1591 -0.179 -0.806 

4 -4.989 -1.790 -0.246 -0.061 

5 -3.982 -0.222 -0.120 -2.333 

6 -2.182 -0.608 -0.367 -0.606 

7 -5.641 -4.896 -0.273 -2.061 

8 -1.915 -2.483 -0.673 -1.461 

 

4.4 VALIDATION OF MOBILITY MODEL 
                       In this model, till now we have calculated the predicted values of traffic flow in several 

cycles and we also used the statistics for the observed data in the same cycle. Now we are going to 
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compare the observed values with the predicted values for these four states. For validation, we have 

been chosen 8 cycles to illustrate the values and the execution is shown below.  

                

                  

  From the comparison, it is too obvious that the maximum error is not greater than 5%. Therefore the 

Markov analysis method is feasible for the traffic situation at the intersection in the peak time of 

environment. Next, we are going to use the routing protocol to avoid the disconnection of the internet 

and for safety environment. We deal with the data in Table 2 and 3 to obtain simulation results in form 

of graphs given above. 

 

5. ROUTING PROTOCOL 

5.1Description of cluster based routing protocol 

         Cluster based routing protocol are combined of static and dynamic together. We chose dynamic 

cluster for our cluster algorithm, we have been a predefined path and time chart to control the high 

mobility situation know as dynamic cluster head. Vehicle Mobility behavior determines the architecture 

of the cluster. 

The parameters are based on the multi-hop cluster in dynamic clustering partition. The criteria indicate 

that every vehicle node in cluster its own unique vehicle ID and location ID send to particular are of the 

city. The speed of the vehicle as denoted as “s” and vehicle lifetime in the particular cluster in some 

0 

0.05 

0.1 

0.15 

0.2 

0.25 

1 2 3 4 5 6 7 8 

observed 
value of 
south 

Predicat
ed value 
of south 

0 

0.05 

0.1 

0.15 

0.2 

0.25 

1 2 3 4 5 6 7 8 

observed 
value of 
south 

Predicated 
value of 
south 

0.29 

0.3 

0.31 

0.32 

0.33 

0.34 

1 2 3 4 5 6 7 8 

Observe
d value 
of east 

Predicat
ed value 
of east 

0 

0.1 

0.2 

0.3 

0.4 

0.5 

1 2 3 4 5 6 7 8 

observed 
value of 
west 

Predicated 
value of 
west 



                                   
 

   
                                                                                                                                                                                       75 

Department of Mathematics 

Dr.M.G.R Educational and Research Institute, Chennai, India 

Dr.M.G.R PLANETM Online Journal of Mathematical Sciences, Special Issue 
                                    www.mgrplanetmjournal.wordpress.com 

period with the probability of p denoted as VLT. Main aim cluster scheme does not require of re-

clustering. When the vehicle enters into the cluster zone it owns unique vehicle ID is registered in the 

cluster head and that particular vehicle becomes a member of the cluster. Suppose, if any new vehicle 

enters into the cluster with high speed other than ambulance it is not necessary to update it. If suppose 

vehicle does not receive after message in a certain period of time this cluster will again create a new 

cluster for that particular vehicle it will become the cluster member. After entering cluster region 

broadcasts control message. This cluster join message suitable for high mobility. The cluster connects 

message denoted as CCM, once the vehicle enters into cluster region this CCM will pass the data 

information to that vehicle.    

 

Algorithm 1: MULTIPATH BASED ON LOCATION 

 

 

 

 

 

 

 

 

 

 
At Source 

a) Flood (CJRe) all Immediate Neighbors (NVID) 

B) VC = # (NV) 

For each relay node 

{ 

For each CJRe received 

{ 

If new NVID =old NVID 

Drop (RRE) to avoid repetition 

If (current node (CVID = DVID) 

Then DVID is set to nodes id 

Else 

{ 

I) CJReq to IMID add (CVID) 

ii) Find VC1 = # (NV) 

} 

At Destination 

For each CJRe received, send (CJRe) to source 

CJRe –Cluster Join Request 

CVID-Current Vehicle ID 

DV-Destination Vehicle 

DVID-Destination Vehicle ID 

IMID-Intermediate Vehicle 

NV-Number of Vehicles 

SP-Shortest Path 

VC- Vehicle counter 

VID-Vehicle ID 
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If (speed>thresholdspeed) 

Update only VID in Cluster head 

Else 

Sort (CJRe IMID) 

Update details of vehicle to all nodes 

At source { 

Till (timestamp< threshold time) 

{ 

Link = SORT (CJRep IMID) 

For each link 

{ 

Find SP= MIN (CJRe VC) 

Send (data) to DV through SP 

} 

SORT (CJRep IMID) 

For each IMID in CJRRe 

{ 

Calculate VD 

SORT (IMID) in ascending order of VD 

Calculate SP # elements whose VD 

Store all VID in an array in each cluster 

} 

The cluster formation phase, link establishment phase, data transmission and traffic control 

phase.VANET focused on the development of many routing protocols. Our aim to provide immediate 

send the message to other vehicles. It provides safety driving information to driver and driver has to 

decide on the later way to choose a better way to avoid entering in the critical region of the cluster. 

Algorithm 2: Cluster Based Routing (CBR) Parameters 

For a new vehicle 

If source calculate speed 

If NCID speed< old CH speed 

Assign (new vechile=CH) 

Start flood (ms, nd, and path) 

Upon receiving flood (ms, nd, path) from source 

Check if (Ni==nd) and 

If (path length > best path) 

{Set new path =path 

Send new route (nd, ms, new path)} 

End if 
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If no RouteReq then 

Wait until threshold time 

Endif 

If any RouteRep received 

Find # of (interference nodes) 

Choose main path (interference nodes) 

Endif 

Else 

Flood (RouteReq) 

Until new route 

{ 

Hold existing route information up to threshold 

Time t 

Receiving flood (ms, nd, path) from neighbor node 

If (Ni= source) 

{ 

Store the path information 

Forward (data) 

} 

Else 

{Forward new route (nd, ms, path) 

} 

End if 

 

   In this new clustering approach, we observed that this model is very helpful for VANET networks. 

Mobility gives dynamic surrounding which poses main challenges in ad hoc networks.  

This routing algorithm and mobility model architecture helps us to reduce the traffic process and create 

many numbers of the stable cluster to each other. In routing protocol we use Markov process to 

validation analytical we find that we can reduce internet disconnection and send the message about 

accident immediately to the driver for safety environment. 

6.CONCLUSION AND FUTURE WORK 

                     Mobility model is the important tool for analysis in VANET. In this paper, we create Scenario 

model on intersection including the traffic lights and obstacles in particular environment and we also 

design mobility model according to the different direction of vehicles. After us analysis the mobility 

model by Markov Process and validate. Finally, we introduce new cluster protocol to avoid the 

disconnection. Markov analysis method helps us to predict the possible number of vehicles from a 

different direction and the prediction results help us in the real time control strategy. So by using VANET 

new cluster based routing protocol with mobility models use Markov process helps to control the traffic 
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and avoid the disconnection of the internet. The future work is that to build more realistic mobility 

model based on mobility characteristics.     
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Abstract 

Now a day it is very hard to manage the transport agencies with their group of vehicle in an optimal way 

with the recent budget and taxes. The vehicle data shows that the operating and maintenance cost of 

buses per kilometer increases as bus age increases. In the economic point of view between the lower 

cost of existing buses and maintenance cost of newer vehicles are analyzed in this paper.  

Keywords: Bus fleet; Age Replacement Model; Optimization; Cost elasticity.  

1.INTRODUCTION 

Many transport agencies own huge number of buses serving different routes. Large fleets initial and 

operating cost are significant prices for transport agencies. In particular, high initial (or) purchase costs 

have forced some transport agencies to delay bus replacement decision. The main aim is to present a 

model and verify the factors affecting the bus replacement age and total fleet cost. Bus fleet price can 

be broken into following cost factors, vehicle operating cost, purchase cost, fuel, general administration 

cost, facility maintenance cost, etc. we restrict our attention to the factor that affect total cost and 

replacement age of bus such as cost of maintenance that vary with bus  ages. Bus requires diesel fuel for 

engine, salary to pay the driver and make sure that the buses are in good running condition. Further bus 

cost changes as they become older and have many other problems. Bus costs are attributed to 

numerous cost factor capital purchase cost, vehicle operating and maintenance, fuel, general 

administration. The pie chart represents an average proportion of total bus operating cost based on XYZ 

private transport cooperation. The vehicle operating cost consists of large components. Each of these 

cost changes depend on fuel cost, bus fleet age, agency size, labor cost and many other factors. 
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Figure 1: Overall cost for transport operations. 

2.INTEGER PROGRAMMING 

An integer programming model is one where one or more of the decision variable has to take on an 

integer value in the final solution. The various types of integer programs are Pure integer programming 

(All values have integer values), Mixed integer programming (Not all of the values will have integer 

values), Zero-one integer programming (It’s a special case in which all the decision variables must have 

integer solution values of 0 or 1). 

3.MODEL FORMULATION 

 The make use of this model is to decide the replacement age and cost. The objective of this 

model is to decrease cost of bus over the planning period: including operating, purchasing, 

maintenance, emission, utilization and road call cost. The decision variable is at what time buses replace 

over the planning period.  

 

INDEXES  

Age of the bus in years: m € A = {0, 1, 2,3,…….A} 

Time period is made at the end of each year: n € T = {0,1,2,…..T} 

BINARY DECISION VARIABLE  

Rmn= the m-year old bus in use from the end of year n to the end of year n+1 

SYn= whether a bus is salvaged at the end of year n 

PARAMETERS 

(a) Constraints  

M = maximum or forced salvage age (if this age is reached then the bus must be salvaged), 

56% 21% 

14% 
4% 5% vehicle operation 

vehicle 
maintenance 

general 
administration 
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Um= utilization (Kilometers traveled by m- year old bus), 

mFeo =fuel economy of m-year old bus, 

(b) Costs 

C= cost of purchasing a new bus, 

OCm=maintenance cost per km for m-year old bus, 

rCm=road call cost of an m-year old bus  

s= salvage revenue from selling an old bus when replaced by a new bus, 

sfmT= final salvage revenue from selling an m-year old bus at time T, 

ce= emission cost per ton of co2 emission, 

p= price of diesel fuel per liter and 

ds= rate of discount 

 

(c) Emission 

Pse=salvage emission and production in co2 tons, 

emm= utilization emission in co2 tons per km for m-year old bus  

 Objective function, minimize; 
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0,10  whereSSY
       

----------(2) 

0,1  whereCSYT        ---------(3) 
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--------(4) 

}1......2,1{,  TnRSY onn      --------(5) 

}.......2,1,0{,0 TnRAn         -------(6) 

}......2,1,0{,0 TjRmT        -------(7)

}1,0{,  IRSY mnn           -------(8)
 

The aim of the Objective Function: 

(1)Reduce the total amount of maintenance, purchasing, emission, salvage and road call cost over the 

time period from present to the end of the planning period .At the first period of time the model start 

with new bus. (2)At the end of the period the bus which is exist is sold(3) which equal to the value of 

salvage for the bus at the time T, sfmT. The age of vehicle in current use increases by the year of one 

after each time period (4). A constraint makes sure that a bus obtain equal to the new bus in use (5). The 

maximum service age bus forced to be salvaged (6). At the last time T, the bus is not used and cost of 

operational are not added (7). At the end decision variable related to salvage and purchasing decision 

must be binary (8). 

 

4.DATA COLLECTION: 

  The data in this study were collected over 20 years from the private transport 

corporation. The cost data contain purchase cost, maintenance cost, fuel cost, emission cost etc also 

contain bus ages.  

 

4.1.ASSUMPTION AND TERMINOLOGY: 

 

MAINTENANCE COST PER KILOMETER: 

 It is the total cost which includes labor, parts, and tire costs, overhead costs to maintain the 

building & employee service. Maintenance cost is Rs6/km. 

 

FUEL EFFICIENCY: 
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 The average fuel economy has been found to be Rs 29.50/km. 

 

ROAD CALL: 

A bus has a road call when it has a mechanical problem and a mechanic must be sent out to fix it. 

Roadcalls are detrimental to the transit agency because of the additional staff and resources. 

required to repair a bus with mechanical problems. The transit cost of RCs is already integrated in the 

maintenance cost data. 

 

UTILIZATION: 

The average utilization is 12,000 per year per unit and is held constant for the time horizon of the 

model. 

 

SALVAGE VALUE: 

Decommissioning a bus is costly because equipment as well as external markings must be removed. If 

revenue from selling a bus exceeds Rs.880000 the difference must be reimbursed to the capital 

assistance funds were employed. A salvage value s=Rs.220000 is assumed. However, on year T when the 

bus is compiled to be sold, a salvage value of Rs.220000 may not be realistic especially if a relatively new 

bus is sold. The final salvage value is determined by the following equation. 

20/)(* SCMCsf nmT   

EMISSIONS OUTPUT: 

Life cycle analysis studies have estimated a passenger vehicle’s production and salvage emissions. There 

is no equivalent bus production and salvage emissions study; a bus CO2 tons estimation is production 

based on a ratio of vehicle weight and the CO2 released to manufacture and scrap a vehicle. The 

emissions associated to the production and salvage of a bus is estimated at 100 tons of CO2. In addition, 

there are CO2 emissions associated with bus usage; this value equals the CO2 released when a gallon of 

diesel is burned, which is well known. 

ADDITIONAL DATA INPUTS AND ASSUMPTIONS: 

Transit buses are replaced at year 10 and bus ages rarely exceed 20 years. Hence, the bus maximum age 

is set to 20 years. For reference, after year 11 of the model, the nominal discount rate is fixed at 9%. Bus 

cost is assumed to be V=4000000 based on real data including equipment, manuals and contingency. 
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Figure.2. impact of age replacement 

5.CONCLUSION 

  From the above result we conclude that the fuel cost, purchase cost, operation and 

maintenance cost are contributed to 21%, 13%, 66% of the total bus cost .The optimal replacement age 

of the bus is 15.8 years. 
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Abstract 

Nowadays conflicts between two involved parties in project are common. So, we use decisions making 

method to find the better solution. Game theory approach are used in decisions making for some 

problems in Construction Project. The aim of this paper is to find the best outcome for every player. We 

have discussed about prisoner’s dilemma and its applications. Now using the delay concept we have 

done the case study in construction project by n-person game (n=8). 

Keywords: Prisoner’s dilemma; Game theory; delay; Construction Project 

1. INTRODUCTION 

         Construction Projects usually involves some conflicts which may occur among the stakeholders, 

owner and contractor. Here, achieving a win to win situation is the most necessary one for every player, 

but sometimes player’s decisions lead to the bad and critical conditions for all involved parties in the 

project .it may act on behalf of themselves where as in game theory approach to benefits of whole 

parties are considered. 

        Game theory can clarify the behaviors of parties involved in the project to construction project 

problem and determine how interactions of different parties such as stakeholders, owner and 

contractor can lead to project evolving. The game theory and optimization methods results are very 

different because in optimization methods all parties are ready to act in which can lead to the best 

results for the whole system, while in the game theory each party tend to act in which can lead to the 

most reasoning outcome for him that may not be the best result for the whole of the system. The paper 

illustrates some contractual structure of construction project problem and consequences of considering 

the game’s evolution path while investigating such problems. And it shows the usefulness of game 

theory approach in construction projects and conflicts resolutions related to them by discussing the 

basic concepts of game theory and demonstrating some simple construction project conflicts by using 

game theory approach in Prisoner’s Dilemma. 

2. LITERARURE REVIEW 
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The existed conflicts in construction issues not only limited to the sharing of expenses or profits 

between owner and contractors, but, sometimes there are conflicts driven from constructor and owner 

due to the non-cooperative behaviors between them. These conflicts may be drawn from different 

issues such as project delays, contract changes, differing site conditions and etc. If these conflicts not 

peacefully be resolved, they can lead to non compensable consequences, such as project suspension 

that can cause considerable lost for both parties involved in the project. In this process the best decision 

should be considered for solving the construction project. 

Different game theory have been proposed for conflict resolution, and some of them have been 

mentioned in Madani (2010): Graph Model for Conflict Resolution (GMCR) (Hipel et al., 1997), Shared 

Vision Modeling (Lund and Palmer,1997), Adjusted Winner (AW) mechanism (Massoud, 2000), 

Alternative Dispute Resolution (ADR) (Wolf, 2000), Multivariate Analysis  Biplot (Losa et al 2001), Wolf 

(2002) presents some significant papers and case studies on the prevention and resolution of conflict 

(using descriptive methods) over water resources. 

Von Neumann and Morgenstern (1944) introduced a basic idea of co-operative game theory and 

Shapley (1953) introduced the Shapley value for a cooperative game in order to use as a cost and 

benefits allocation in a coalition. One of the most efficient tools to investigate these issues is game 

theory. In the construction project different decision-makers are involved at various levels such as plan, 

construction, utilization and maintenance; due to this the use of game theory is required in the 

definition and interpretation of the behavior of different parties involved in the system. The most 

common issue in every project is that all involved parties prefer their own profits to overall system 

profits. The results got from game theory approach are different from results of traditional optimization 

method. Game theory provides a procedure for evaluating the effects of individual decision makers’ 

actions on the result of the projects to develop satisfactory resolution more extensively. However game 

theory has not been used well in construction projects. Thus it is still unclear for all parties involved in 

the construction projects owning to lack of knowledge and understanding its basic concept.  

3. METHODOLOGY 

This paper has discussed the application and the applicability of the Game Theory approach in solving 

construction management problems. The prisoner’s dilemma game theory structures have been 

discussed here. In these game two suspects of a crime are captured and placed in separate cells in such 

a way that communication between them is impossible. 

4. WHAT IS GAME THEORY? 

         Game Theory was discovered by a French mathematician named Borel in 1921. Emile Borel 

published several papers on the theory of games. He used card game as an example and addressed the 

problem of second-guessing the opponent in a game. He imagined using game theory in economic and 

military applications and his goal was to determine, whether a best strategy for a given game exists and 
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find that strategy. However, he did not develop his idea very far. Due to that, most historians give the 

credit for improving game theory to John Von Neumann (1903), who published his first paper on game 

theory in 1928, seven years after Borel.  (Madani, K. and Lund, J.R., 2010). 

       Game theory is a study to determine the Best Strategy for given conditions in order to optimize the 

outcome by mathematical concepts. Types of the games are Perfect VS Imperfect information, 

Sequential VS Simultaneous Moves, Zero VS Non-Zero sum, and Cooperative VS Conflicts. Also game 

theory classified as dynamic and static game. In dynamic games players make decision in response to 

other player’s decisions while in static games all players’ choice is decided simultaneity. ( Driessen.T, 

1988). 

          A game is said to be Zero-Sum if wealth is neither created nor destroyed among the players. So, in 

a Two-player zero-sum game, if one player wins, the another one is lost. The theory of zero-sum games 

is greatly different from non-zero-sum games, because it is always to find the optimal solution. 

(Thiessen, E.M., Loucks, D.P., Stedinger, J.R., 1994)Nowadays, in most non-zero-sum games are used in 

the real life. All players may lose or win in this kind of games and cooperation of players in this type of 

games can lead to win to win situation for all players. Most of the construction management issues are 

also the non-zero-sum games which the collaboration of involved parties (players) can achieve the 

better result for the system. This paper is to investigate and model some construction issues and cost 

delays. These kinds of non-zero-sum games (n-person game) between owner and contractor are to 

verify the best solution for them (players) and whole system. (Lund, J.R., Palmer, R.N, 1997) 

4.1. THE PRISONER’S DILEMMA GAME 

             In these game two suspects of a crime are captured and placed in separate cells in such a way 

that communication between them is impossible. If neither prisoner confesses, both will be convicted of 

about five years. If both confess to their crime then both will be sentences to one year. If however, one 

prisoner confesses to his crime, while the other does not, then the prisoner who confessed will be 

forgiven while the prisoner who did not confess will be convicted to 15 years. In this stage the question 

which exists in the criminals’ mind is that which decision can be the best for each of them against the 

opponent’s decision. To answer this question it is better to use game theory approach and Nash 

equilibrium solution. For preceding this game in this work of game theory, the game should be written in 

matrix form. The value in each cell shows the time spent in prison. 

Table 1. A Plan of action which can be used for Prisoner’s Dilemma game 

A plan of action which can be used  in 

Prisoner’s dilemma game 

Player 2 (Criminal2) 

Confess Deny 

Player1 Confess (1,1) (15,0) 
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(Criminal1) Deny (0,15) (5,5) 

      With regard to the above matrix, each prisoner is looking to minimize his prison time. Since 

the player 1 does not know whether his partner in crime has accepted or not, first he assumes that he 

has not. If prisoner 1 does not confess either then both will go to the prison for 5 years. This is best for 

them. But, if prisoner 1 confesses, he will not punish, while his partner goes to prison. In this situation if 

prisoner 1 does not confess, he will go to prison for 15 years. But if he does confess, he will be in prison 

for 1 year. In this case it is better to confess. According to the game theory matrix, it is understood that 

the best payoff for the both prisoners is when neither confesses. But game theory tells that it is better 

for both to confess, since this situation is a non-cooperative form, so the player cannot rely on the other 

player.  

4.2. n - PERSON GAME 

Let us now consider the case study of n-person zero sum games. Now, we have chosen the value 

of n as 8 (i.e., n=8). Here we have to find the maximum delay that an activity of a project can be held 

responsible and to share the penalty associated with the total delay of the project. “A coalition is 

defined as the activity or set of activities of the network that represent a sub-path within a path”.  

Table 1: Tasks associated to the construction project 

Task Node Description Predecessor 

A 1-2 Plan(Structure) - 

B 2-3 Basement A 

C 3-6 Building up B 

D 1-4 Plumbing - 

E 4-5 Roof D 

F 5-7 Electrical E 

G 7-8 Plastering F 

H 6-8 Painting C,E 

 

 

 

 

 

Here each and every coalition is considered a player. If the activities form a coalition and that 

are in the same path can take advantage of the expedition of the activities or coalitions within the same 
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path. Any coalition cannot be held responsible for more than the total delay of the project but will be 

held responsible for at least 10% of the delay caused by these coalitions individually. Each day that the 

project is delayed a penalty of Rs.5000 will be applied to a coalition. We see in the network there are 

three paths and four coalitions (ABC; DE; GH and F). In order to calculate the delay and expedition of the 

activities and real duration of the project the following equations are used (Estevez-Fernandez 2012): 

d (i) =max[r (i)-p(i),0]    (1) 

e (i) =max [p (i)-r (i), 0]       (2) 

Where p (i) and r (i) represent the planned and real time and d (i) and e (i) represent the delay 

and expedition functions of activity I respectively 
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Where ),( pND  and ),( rND  are the planned and real duration of a path N , D (l) is the planned 

duration of the project (i.e., the maximum of ),( pND  and ),( pNFloat  is the maximum time that 

the path can N  be delayed without altering the duration of the project. If the path has float zero, then 

we say that this path is critical.  

 

Table 2: planned time, delays and expeditions 

Task p(i) r(i) d(i) e(i) 

A 20 40 20 0 

B 20 45 25 0 

C 40 80 40 0 

D 25 35 10 0 

E 30 40 10 0 

F 30 15 0 15 

G 60 90 30 0 

H 20 40 20 0 

Table 3: planned, real duration, and slack of the paths 
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Path Coalition ),( pND   

),( pN

Slack



 
),( rND   

N1 ABC-H 100 80 205 

N2 DE-H 75 105 115 

N3 DE-FG 145 35 180 

Table 4: coalition, delays (days) and costs associated to each coalition 

Coalition Delay Cost 

ABC 85 425000 

DE 20 100000 

FG 30 150000 

H 20 100000 

ABC,DE 105 525000 

ABC,FG 115 575000 

ABC,H 105 525000 

DE,FG 50 250000 

DE,H 40 200000 

FG,H 50 250000 

ABC,DE,FG 135 675000 

ABC,DE,H 125 625000 

ABC,FG,H 135 675000 

DE,FG,H 70 350000 

N 25 125000 

Table 2 shows the planned and real time (in days), and delay and expedition of the activities 

after the realization of the project, calculated using Eqs. (1) And (2), and the planned, real duration, and 

float of the paths calculated using Eqs. (3), (4) and (5) are shown in Table 3. The planned duration of the 

project, D (l), is 180 days, the maximum duration of ),( pND   that corresponds to the path N1, but the 

real duration, D(r), is 205 days, the maximum duration of ),( rND   that also corresponds to path N1. 

Thus the total delay of the project is D(r)-D (l) = 25 days. By adding the delays of activities A, B, and C we 

obtain that the delay of the coalition (AB) is 85 days. These coalitions value cannot be responsible for 

more than 25 days, the total delay of the project, because other activities of the project have been 

expedited. Thus, coalition (H) is responsible for 20 days on its own but when forming a coalition with 

(FG), they are only responsible for 50 days because they take advantage of the expedition of activities F 

and G (70 days).  
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Table 4 shows the delay for the rest of the coalitions in the network calculated in a similar way, 

and the cost, Cy(S), associated to each coalition considering that the penalty for each day the project is 

delayed is Rs.5000. 

Once we have the coalitions that can be created in the project and the total delay that these 

coalitions can be held responsible for, the next step is to allocate the total penalty among the delayed 

coalitions and activities. Using model and assumptions are considered as follows: 

)( HFGDEABC XXXXMaximize 
      (6)

 

Subject to  

42500042500  ABCX
         (7)

 

1500005000  FGX
        (8) 

1000005000  DEX             (9) 

 1000005000  HX         (10) 

525000 DEABC XX
         (11) 

575000 FGABC XX
        

 (12) 

250000 HFG XX             (13) 

675000 FGDEABC XXX
     

(14) 

625000 HDEABC XXX                   (15) 

675000 HFGABC XXX            (16)   

0,,, HFGDEABC XXXX                        (17)  

Where inequalities (7) and (10) are based on the assumption that any coalition that form a sub-path and 

cause a delay in the project, will be held responsible for at least, ten percent of the delay caused by 

these coalitions individually. Thus, coalition (ABC) will be held responsible for, at least, Rs.42500 and no 

more than 425000 (85 days) and coalition (H) will be held responsible for, at least Rs.5000 and no more 

than Rs.100000 (20 days). Inequalities (15)-(17) are calculated in a similar way. Inequality (16) 

establishes that coalitions (DE) and (GH) cannot be punished because these coalitions have been 
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expedited and inequality (20) establishes that, since the total delay of the project is 25 days, the 

maximum penalty to allocate among the coalitions is 12,500 dollars. Finally, inequality (21) establishes 

the non-negativity constraint.  

The solution to the above linear programming problem is XABC = 525000,  

XDE = 50000, XFG = 150000, and  XH = 100000. This solution implies that, since any coalition cannot be 

held responsible for more that the total delay of the project, the maximum penalty that coalitions ABC 

and H are responsible for is Rs.12, 500. Thus, coalition ABC that has been delayed for 85 days, taking 

advantage of the expedition of coalition DE and FG, is only responsible for Rs.100000, and coalition H, 

that has been delayed for 20 days, taking advantage of the expedition of coalition DE, is only responsible 

for Rs. 5000. Coalitions DE and FG are not responsible for any delay. The last step is to share the cost 

allocated to a coalition (player) among the activities that form this coalition. This is the case of activities 

A and B, responsible for a cost of 11,000 dollars. This amount will be shared proportionally according to 

the delay of these activities (85 and 20 days resp.) to the total delay of the coalition (140 days).  

5. CONCLUSION & FUTURE WORK: 

 Game Theory is widely used in construction project for different decision makers to find 

managing time. In this paper we have discussed about the procedure of Prisoner’s Dilemma. We also try 

to analyze and model two problems in construction management using Game Theory. Here we have 

only two decision makers namely contractor & owner. Next we have the case study on n-person game 

(n=8) to find the delay time to complete the project. And we can do further more research on the 

dynamic game in constructing management cost problems. 
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